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Multiobjective optimization

Many real-word optimization problems involve multiple objectives
which are often conflicting. Consequently, instead of a single optimal solution, a
set of optimal solutions (called Pareto-optimal set) exists for such problems.

The search for an optimal solution has fundamentally changed from what
we see in the case of single-objective problems. Each of the Pareto-optimal
solutions represents a different compromise between objectives and without
preference information, anyone of them no worse than any other.

Example:
A Cheap and Small Mobile Phone

Objective : Size

Objective : Cost

i 2 | (T.Voss 2007)
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|deal and preference-based principle

multi-objective optimization problem

minimize flx)=(filx), ..., fe(x])

PREFERENCE-BASED FRINCIPLI::Z\ IDEAL PRINCIPLE

use of high-level information :
w=uy,..., W)

ideal multi-objective optimizer

constructing a single aggregate
objective function

minimize
glx)=wy filx)+---+ wg frlx)

v @
multiple optimal 9
tradeoff solutions ?iﬂ
found ST

singleobjective optimizer

use of high-level information

i | L
. . . .
one optimal *\ one optimal N
solution found — solution chosen ‘d‘“‘ﬂ___o
(T.Tusar 2007)



Pareto dominance and Pareto optimality

Definition 2.1 (Pareto dominance of vectors). The objective vector z° dominates the

objective vector z'(z' <2 )<z 2z for all je{l..m} amd z <z for at least ome

Definition 2.2 (Weak Pareto dominance of vectors). The objective vector z° weakly dominates

P :
the objective vector z°(2' 27 ) 2 22 forall je{l,.. .m}.

Definition 2.3 (Strict Pareto dominance of vectors). The objective wvector ' siricdly
— Ty . 0 .

dominates the objective vector z°(2' <= 7)< 2, <z, forall je{l,...m}.

When z' = fi(x"),2° = f(x*) md 7' (weddy or strictly) dominates z* we say that solution

x* (weakly or strictly) dominates the solution x* . Notethat 2* << 7= 7 <7 =7 27,

Definition 2.4 (Pareto Incomparability of vectors). The chjective vector z° womparable with

d.:'.. 1 5 . (| /) .
objective vector z°(z'|| ') z, <z, for je{l...m} md z, >z, for k= jand ke {l,.. .m}.

Definition 2.5 (Pareto Indifference of vectors). The objective vector ' indifferend with

b :
objective vector 2 (' ~ ") 2\ =2 for all je{l,...m} .

Definition 1.6 (Pareto optimality). The sclutien x and its correspondmg objectrve vector

et . .
z =f(x") zte Pareto opiimal < theteno exists z¢ Z suchthat z <z .

All Pareto-optimal solutions compose the Pareio-opiimal sef, while the corresponding objective

vectors constitute the Parefo-optinal front
“A solution to a MOP is Pareto-optimal if there exists no other feasible solution
which would decrease some criteriawithout causing a simultaneous increase in
at least one other criterion.” (Coello 2006)




2.2 Assessment of multiobjective optimizers

Two important criteria:
1) thequality of obtained solutions and (diversity, optimality)
1) the computational cost required to produced them (CPU and NFuncEvals)

Platform for assessment :
Programming language independent interface for search algorithms (PISA)
available from http://www.tik.ee.ethz.ch/pisa/  (Knowles et al 2006)

2.2.1 Dominance ranking

Source : Optimizer A and B

Question : Who isthe best ?

Procedure: 1. A ,A,,....,A and B,B,,...B.where r = number of runs

2. Gather all in collection € ={C,.,...Cy}

3. Each approximation set is ranked according to the number of approximation
setsthat are better than the selected approximation set

4. One of the statistical rank test can then be used to determine if there exists a

significant difference between the values of the two sets.
L5



http://www.tik.ee.ethz.ch/pisa/

2.2.2 Quality Indicators

Definition 2.12 (Unary quality indicator). The function 7:Q — R, which assigns a real value
to any approximation set Z € Q, 1s called unary quality indicator.
Definition 2.13 (Binary quality indicator). The function 7:QxQ — R, which assigns a real

value to any approximation set (Z,,Z,) € QxQ, 1s called binary quality indicator.
Definition 2.14 (Pareto compliant indicator). The unary indicator 7:Q —> R 1s Pareto
cef
compliant <> for every pair of approximation sets Z and Z, for which Z, < Z, and I(Z)) is not

worse than I1(Z,).

Hypervolume Indicator .  Reference Point

'

The binary additive epsilon indicator I(A,B),
gives the minimum summand epsto

which each vector from B can be added in
every objective such that resulting
approximation set is weakly dominated by A.

minimize

L I



active Evolutionary Algorithms

inifialization '®

v
evaluation @

mating selection

varation

stopping criterion

(T.Voss 2007)

evaluation

environmental selection

NSGA-2, SPEAZ2, IBEA, Epsilon-MOEA ...




Nondominated sorting (Deb at el 2002)

OBJECTIVE SPACE
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(a) Jnondomi nated sorting

Distance between neighbouring :

f(X)- f(xX7)

max min
fj fj

dj(x‘):
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(b) crowding distance

Crowding distance :

c(x)=8 d (x)

=1




The epsilon-Dominance Concept (Deb 2003)

EA Archive D F c
__________ T T
| | l l
l | i :
T D e S ¥,
L e £,
o
. 2 S
4 W e
._ S LA
Y pee—— s : T
5\ LA T B
— I - I N U S S
F
; £
NN *Crosar]ver , E.L |"—"|
usual -
- — €—dom
,f Offspring ==

. (f)_-}|(f,- - f™)/e, for Minimizing f, O
' — 1
| H(fj’“"‘x- f,-)/e,.\, for Maximizing f.



Eor

Strength Pareto approach (Zitzler et al 2001)

The strength of an individual at generation ¢ is equal to the number of individuals from 4, , and

Q,_, that are dominated by it: S(x") =[{x’ € 4, U Q| x' < x'}|.
The raw fitness of an individual is computed by summing the strengths of all individuals
that dominate it (see Figure 2.3.8 (b)):|R(x") 5| {x’ €4, u O | x' < x'}].

Objective Space Objective Space
0 16
1 , ® 0 , ©
* 2 o * 3 s
e * e .
. E '- 2 '-':' I:} -E ' 4 Clq
o 'y > >
2 2
e 4 = 0
S o ) S . 1
X - 0 =
= =
Objective 1 Objective 1

After several generations the majority of individuals become nondominated (and have

raw fitness equal to 0), therefore addition information must be used to obtain spread in the

objective space. For all individuals x* with the same raw fitness R(x'), the density is calculated

F(x")=R(x")+D(x").

- 1
as: |D(x") = ——.
o, +2

i



Indicator-Based selection (Zitzler et al 2004)

“The main ideaisto first define the optimization goal in terms of a binary
performance measure (indicator) and then to directly use this measure in
selection process.” (Zitzler 2004).

Every generation , the objective values of al individuals must be normalized to
the[0,1] interval.
Each individua x* be evaluated by summing up its indicator values with respect

to therest of population : '
F'(x)=a 1¢x}{x}).
X1 R\

Thefitness value, which isto be maximized, is a measure for the “lossin quality” if is
removed from the population . But IBEA use dightly different scheme , which amplifies
theinfluence of dominating pontilation memhers over dominated ones

F.(xlj _ Z _e![{x:}:{x]}}:'(a.!:}:

eR_\{x}
where k isapositive scaling 1actor uepenuing on 1 ana c 1sthe maximum absolute value

of I onindividualsfrom R._;. The fithess defined in thisway should be minimized.

Elr




Covariance M atrix Adaptation for Multiobjective
Optimization. (1gel et al 2006)

Original MO-CMA-ES also names as A, %(1+1)-MO-CMA-ES, because of a
population of A, elitist (1+1)-CMA-ES (Hansen et al 2001). The ith individual in generation g
is denoted by

o <[40 5., 0 5. CP1. where
%= is the current search point ,
ﬁﬁf_i is the smoothed success probability,
o1¥ is the global step-size,
j:_;rfk} is the cumulative evolution path

C'¥ is the covariance matrix of the search distribution

There are two variants of original MO-CMA-ES : thec-MO-CMA-ES and s
MO-CMA-ES, which use the crowding-distance and the contributing hypervolume
as second level sorting criterion, respectively .

Hypervolume: ais better that a° when compared using if either a has a better level
of non-dominance or aand a’ are on the same level but a contributes more to the
hypervolume when considering the points at that level of non-dominance.

The contribution hypervolume of an objective vector a is the portion of

objective space exclusively weakly dominated by a .

Ezr




omparison between NSGA2, SPEA2, I BEA,
Epsilon-MOEA and MO-CMA-ES

Chapter

3.1 Benchmark Problems. ZDT (Zietzler et a 2001)
Problem n | Variable | Objective Optimal solution
bound function
ZDT1 | 30 | [0.1] £ =x x €[0.1]
H =g~ /g ()], %=0
g(x) =1+ 9T, x) (n —1) i=2...7
ZDT2 30 | [0.1] ji{x) =x x e[0.1]
£=2((a /26 =0
g(x)=1+9(T% 5 x) ((n —1) i=2..n
ZDT3 |30  [0,1] f®=x x €[0.1]
H(D=g(x)-xq/e(x —;x) sin(10)] | %70
i=2..n
g(x) =1+9(T7, ) /(n—1)
ZDT8 1101y c1] | A =x x e[0.1]
%e[-551 | H (=g~ /2(0)] %=0
=2, .1 g(x) =1+10(n —1) + X7, [x*~10cos(4mx;)] | 1=2...7
ZDT6 | 10 | [0.1] 69 = 1—exp(—4x) sin® (677 x e[0.1]
H=g(ON~(f(x)/ g())*] x%=0
023 i=2..n
i 13 g(x) = 1+9[(E", x) /(1]




ﬁi

THR benchmark problems to be minimized, y=0x where Oe E™" 15 an orthogonal
matrix, and y__ = I‘fmax; dﬂ]:b . For the definition of /z &1, and &,

Problem n = Variable Objective Optimal selution
bound function

ERT 30 (LI f=[q] yely__1
fa(x)=g(9) ke (= R0 g(3)) ¥i=0
g3 =1+ 0Ty kel /(n 1) i=2,_n

HR2 30 L py=y] ey ¥ ]
A=z 1 gD ¥i=0
g(9) =1+ (T2 h (1)) (n-1) i=2..n

HR3 30 UL fm=| 00 ]
A=)k (=00 g ""’%3;' dn(l0ryy)  ¥i=0
g(3) =1+ Ty he ()} (n~1) o

HR4 10 [-53] f@ =] yelly 1
Fa(x=g(9)he (- JRT) 800 ¥i=0
g(r)=1+10n-1) + 2L [y -10cos(4xy;)] i=2.n

ERE 0 FL p ) c1—enp(—alidin®(6r3y) vy v ]
FaG=g () hy - g ¥i=0

g(3) =1+ 902 Ao () (D3

Anliary functions

h: R—[01. x |—:~{l+exp(5r:?}}_1

s
h.: BoR xn—:--[x ﬂql_}m

|.1+|H| orherwise

N (Igel et a 2006)
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ZDT1 problem :

[
Z0T1 - [
=l DAZDTTNSPEAZ it
I DAZDTTWNSGAZE oeoration 1.
° DAZ0T14EpsMOES_ph oo
E < DAZDT14BES,_eps bt
N é‘" D:AZDT14MOCMAES by Add
[0 M
2 ;"&aﬂ’g@;';; G o
Py &2 ¢
* @
AT @
' __Qik _______ L SR &.-{E}-?--? _____ i _____f}__.é?__* _______ Q" _____‘: __________________________
MR NDEE IR NI ﬁ@,# P & 4
© o, 55 00 Pag o’ 2B IUSEIRE :
. o e® ¢ o Jo L BB ¢¢'88¢<> 20 &
£ o R A N A s T
&, e *o? o ¢
¢ &
®
o ll_______ 4
"I_
|:|-

— TrueFront

LR RO I R

DAEDTINSPEAZ txt
DAZDTIWNSGAZ bt
DAZDT1EpsMOEA_plus. bxt
DZEDTIMBEA _eps. bt
DAEDTIWMOCMAES txt
Seriesd

Seriesd




ZDT1 convex

ZDT Problems
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/ZDT1

Number of Hypervolume indicator
Evaliations
T NSGAZ II. £-MOEA 11 SPEAZ IV.IBEA- £ V.MO-CMAES
23000 D_DD?]?H 0.00772 0 006035 il 0 00490 LI IT 0.00477 IO OIIV
50000 0.00632 0.00622 000482 LI 000484 LI 000475 LI
£-indicator

25000 0.00360 I 0.00473 0.00123 LL 0.00008 FEILV g gpopp DR

50000 0.00216 1 0.00324 0.00008 LI 0.00007 FEILV g opo1p DI
= True Front — True Front
) SPEAZ {} SPEA2
© NSGA2 © NSGA2

@@ Epsilon-MOEA
@ |BEA-epsilon
@ MO-CMA-ES

@& Epsilon-MOEA
@ |BEA-epsilon
@ MO-CMA-ES

014

0,014
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Hypervolume Indicator

0,001 4
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5000 10000 15000 20000 25000 30000 35000 40000 45000 5000 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000
Number of Evaluations Number of Evaluations
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ZDT2 - concave

Number of Hvpervolume indicator
Evaluations
I.NSGAZ II. £-MOEA III. SPEAZ IV.IBEA- £ V. MO-CMA-ES
25000 0.00698 I 0.00832 0.00637 HE 0.005g7 LI 0.00468 LLOLIV
50000 0.00609 I 0.00658 0.00474 LIV 0.00577 LI 0.00467 LIV
£-indicator
25000 0.00202 I 0.00444 0.00145 LI 0.00010 LI 0.00010 DL
50000 000131 T 0.00304 0.00008 LIV 0.00008 LIV 0.00010 LT
— True Front % ‘ ' — True Front
) SPEAZ A ' ' ! ! O SPEAZ
O NSGA2 1 O MNSGAZ
& Epsllon-MOEA i @ Epsion-MOEA
@ IBEA-epsilon @ IBEA-epsilon
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: a
E 5 01
E g f
E ?
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=] 1
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= i, |
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. . 23,0001 - v ; +—l—._ .
c DIDD 10 IDUD 15 IDUD 0 IDUD 55 IDDD 30 IDUD 35 IDUD 40 IDUD 45 IDUD 5000 5000 10 000 15 000 20 000 25 000 34 o000 35 000 40 000 45 000 50 000
i " Number of Evaluations i i Number of Evaluations
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Number of Evaluations
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Number of Evaluations
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All ZDT problems
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Algorithm 25000 evaluations
ZDT1 ZDT2 ZDT3 ZDT4 ZDT6

N3GAZ 0.00717 0 0.00698 I 00031 0.01599 IIVE 0.01682 0

z -MOEA 0.00772 0.00832 0.01233 0 01020 HLIVY g gpag7 I
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All ZDT problems
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All IHR problems

Hypervolume indicator

Algorithm 25000 evaluations
THR1 THRZ THE & THE. 4 THR 6
N3GAZ 0.01g0 LLILIV g 755 ILILIV 0.11¢7 LI 16253 LT 1.3690 TLIV.V
& -MOEA 0.0302" 0.8387 IV 0.1296 31691 1.3495 TLIV.V
SPEAZ 0.0228 LV 0.5840 0LV 012151 17.8370 1.7380 "
IBEA-2 0.0224 LV 0.8815 017130 16.343 LT 1.4208 LV
MO-CHRA-ES 00,0362 0 0307 TLOLIV 0 1037 TLOLIV 11.164 LOLOLIV 1.7834
50000 evaluations
N3GAZ 0.0176 LHLIV 0.1685 LI 0.1154 [ILIT 159661 1.1125 LILIV
z -MOEA 0.0295 08727 IV 0.1291 32.561 11654 LIV
SPEAZ 0.0215 LIV 0.5467 LIV 0.1194 1 159180 1.5115
IBEA-2 002250 0.5502 011950 159950 123180
MO-CMA-ES g gg54 LILOLIV 0 0138 LILILIV 0 0977 LLIOLIV o 6045 LILILIV 0 4340 LLILIV
Epsilon indicator
Algorithm 25000 evalnations
THER 1 THF 2 THE & THE. 4 THR 6
N3GAL 0.1558 LV 0.5595 01334V 28 425 LOLV 24508
& -MOEA 0.0074 LILV 0.0184 MO 0.001 5 DLV 30,060 LV 1.3g27 LOLIV.V
SPEAL 02084V 049511 0.0326 LV 45062V 3.4461
IBEA-2 0.0pg3 LILILY 0.010%9 LILIT 0.0020 LIV 14,594 LILILV 1.5422 LI
MO-CMA-ES  0.3810 0.01g7 LILIT 0.4483 74,993 1 44g9g LILIV
50000 evalnatons
N3GAL 0.132% 0.4454 0.0819 ¥ 24 145 LILV 206080
& -MOEA 0.0634 L 0.0118 LI 0.0013 LIV 26.500 LV 1.2779 LIV
SPEAZ 0.08821! 0.2684 1 0.0298 LV 36220V 1.3494
IBEA-2 0.0pg1 MLV 0.0075 LILIT 0.0014 LIV 13 470 LLHLY 14455 LI
MO-CMA-ES g ggp7 LILIT 0006 LLILIV  0.1002 19,386 0 7736 LILILIV
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Summary

1.The MO-CMA-ES outperforms all other algorithms.

2.The NSGA-2 has the second rank.

3.The CMA-ES outperforms SBX+Polynomia mutation on rotated IHR problems.
4.The IBEA-epsilon worse than SPEA2.

5.The IBEA-epsilon and Epsilon-M OEA are the worst algorithms on IHR problems.
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Nondominated Sorting Genetic Algorithm 2 based on hypervolume
Indicator asthe second level sorting criterion (SSNSGA?2).

The original NSGA2 use the crowding-distance as second level sorting criterion,
while other criterions can be applied.

The SNSGA -2 based on the contribution hypervolume (S-measure) as  second

criterion introduced by Voss (2007) is the more contemporary version of original

algorithm.

In original NSGAZ2 if afront cannot fit into archive entirely, theindividualsfromt his
from further ranked according to the crowding distance metric. The Hypervolume
: . L. : : e

l ffPl \ {b}. P)
! i Tsai(P\ {c}, P)
a b
¢ [F——
d0——-
f1 '

Example of the hypervolume-indicator for a set P={a,b,c,d}. The objective
vectors b and c are evaluated. In advance, the boundary elements a
i and d have been assigned a contribution rank |P|=4 and |P|-1=3 .




Let F isthe front which cannot fit into archive A entirely, because in A there are only N
free positionsfor new individuals. Then K=|F|-N isthe number of individualsin F
which should be del eted.

The procedure of ranking consists of K iterations. At each iteration the worst individual
(in sense contributing hypervolume) should be deleted.

The worst individual a isthe individual which has the minimum contribution
hypervolume, i.e. the portion of objective space exclusively weakly dominated by a.
After K iterationsthe size of F reducesto N and then front F can fit into entirely.




Comparison on ZDT and IHR problems
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Hypervolume Indicator
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S NSGA2 with CM A-ES as local search procedure.

Since CMA-ES is onethe most effective EA, it is reasonable to use CMA-ES as locd
search algorithm on the first evaluations of multiobjective optimizer. CMA-ESisthe
single-objective optimizer, therefore it is necessary to transform our k-objective

i N Anhiantivia frinAti AN -
problem to single-aggregat P S
Where Z W, = 1
i=1

The results of CMA-ES optimization forms the first archive of multiobjective
optimizer. The main problem is which stopping criterion snhould be used.
For all experiments on bi-objective problem we use 5000 and 7000 function
evaluations as stopping criterion for CMA-ES. CMA-ES 2 =30 parents and

# =10 offspring, that is the (30,10)-CMA-ES allows to obtain good results. The optimal
vauiof snd  arethetopic of further study.
On bi-objective problem the aggregation ssimplifies to

g(x) = af,(x) +(1-a)f,(x)

The effect of aggregation very depends on objective space and shape of Pareto-optimal
front. For all experimentswe use. «=0.01

L
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Conclusion
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Some suggestion for bi-objective optimization
with limited budget of function evaluations
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