
4.3 Äåðåâüÿ è ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå

Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå (ÃÏ) (Genetic Programming, GP) ÿâëÿåòñÿ ñêîðåå íàçâà-
íèåì äëÿ èññëåäîâàòåëüñêîãî ñîîáùåñòâà, íåæåëè ìåòîäà. Äàííîå ñîîáùåñòâî èçó÷àåò ïðèìåíåíèå
ñòîõàñòè÷åñêèõ ìåòîäîâ äëÿ ïîèñêà è îïòèìèçàöèè íåáîëüøèõ êîìïüþòåðíûõ ïðîãðàìì èëè äðóãèõ
âû÷èñëèòåëüíûõ óñòðîéñòâ. Îòìåòèì, ÷òî ãîâîðÿ îá îïòèìèçàöèè êîìïüþòåðíûõ ïðîãðàìì, ìû
äîëæíû òàêæå îïðåäåëèòü è ñóáîïòèìàëüíûå ïðîãðàììû, âìåñòî ðàññìîòðåíèÿ ïðîãðàìì, êîòîðûå
ðàáîòàþò òîëüêî ïðàâèëüíî, ëèáî íåïðàâèëüíî 1. Ïîýòîìó â ÃÏ êàê ïðàâèëî ðàññìàòðèâàþòñÿ ïðî-
ñòðàíñòâà ïîèñêà, â êîòîðûõ îïðåäåëåíî ìíîæåñòâî âîçìîæíûõ ïðîãðàìì (îáû÷íî íåáîëüøèõ), íî
ïðè ýòîì íåÿñíî êàêèå èç ïðîãðàìì ëó÷øå îñòàëüíûõ è íàñêîëüêî. Ïðèìåðîì ÿâëÿåòñÿ ïîèñê ïîâå-
äåíèÿ äëÿ êîìàíäû ðîáîòîâ-ôóòáîëèñòîâ, ëèáî àïïðîêñèìàöèÿ ìíîæåñòâà äàííûõ ïðîèçâîëüíûìè
ìàòåìàòè÷åñêèìè âûðàæåíèÿìè, ëèáî îòûñêàíèå êîíå÷íîãî àâòîìàòà, ñîîòâåòñòâóþùåãî äàííîìó
ÿçûêó.
Ïîñêîëüêó êîìïüþòåðíûå ïðîãðàììû ìîãóò èìåòü ðàçëè÷íûé ðàçìåð, òî â ðàññìàòðèâàåìîì ñî-

îáùåñòâå èñïîëüçóþòñÿ äèíàìè÷åñêèå ñòðóêòóðû äàííûõ äëÿ èõ ïðåäñòàâëåíèÿ, â îñíîâíîì ñïèñêè
è äåðåâüÿ. Â ÃÏ òàêèå ñïèñêè è äåðåâüÿ êàê ïðàâèëî ñôîðìèðîâàíû ñ èñïîëüçîâàíèåì áàçèñíûõ
ôóíêöèé èëè îïåðàöèé ÖÏ (íàïðèìåð, + èëè if èëè ïíóòü-â-ñòîðîíó-öåëè). ×àñòü èç ýòèõ îïå-
ðàöèé íå ìîæåò áûòü âûïîëíåíà ñîâìåñòíî äðóã ñ äðóãîì. Ê ïðèìåðó, 4+ïíóòü-â-ñòîðîíó-öåëè()
íå èìååò ñìûñëà, åñëè òîëüêî ïíóòü-â-ñòîðîíó-öåëè íå âîçâðàùàåò ÷èñëî. Ïî ñõîæèì ïðè÷èíàì
íåêîòîðûå óçëû íå ìîãóò èìåòü îãðàíè÷åíèå íà êîëè÷åñòâî óçëîâ-ïîòîìêîâ: íàïðèìåð, åñëè óçåë
ðåàëèçóåò îïåðàöèþ ïåðåìíîæåíèå ìàòðèö, òî âåðîÿòíî îí îæèäàåò íà âõîäå äâå ìàòðèöû äëÿ
ïåðåìíîæåíèÿ. Ïî ýòîé ïðè÷èíå îïåðàòîðû èíèöèàëèçàöèè è Tweaking äåëàþò ñ ïîääåðæêîé öå-
ëîñòíîñòè äëÿ îáåñïå÷åíèÿ êîððåêòíîñòè èõ ðåçóëüòàòîâ.
Îäèí èç âîïðîñîâ, îñòðîóìíî ðåøàåìûõ ïðè îïòèìèçàöèè êîìïüþòåðíûõ ïðîãðàìì, ÿâëÿåòñÿ

ñïîñîá âû÷èñëåíèÿ ïðèñïîñîáëåííîñòè: íóæíî ïðîñòî çàïóñòèòü ïðîãðàììó è ïîñìîòðåòü, êàê îíà
ðàáîòàåò! Ýòî îçíà÷àåò, ÷òî äàííûå, èñïîëüçóåìûå äëÿ õðàíåíèÿ èíôîðìàöèè î ãåíîòèïå îñîáåé,
ìîãóò áûòü ïðåîáðàçîâàíû ê âèäó, ñîîòâåòñòâóþùåìó çàïóñêàåìîìó ôåíîòèïó-êîäó. Íåóäèâèòåëüíî,
÷òî ðàííèå ðåàëèçàöèè ÃÏ èñïîëüçîâàëè ÿçûê Lisp, â êîòîðîì ïðîãðàììíûé êîä è îïèñûâàþùèå
åãî äàííûå âûãëÿäÿò ïîõîæå.
Íàèáîëåå ÷àñòî â ÃÏ â êà÷åñòâå ïðåäñòàâëåíèÿ èñïîëüçóþòñÿ äåðåâüÿ, âïåðâûå ïðåäëîæåííûå

äëÿ ýòîãî Íàéêëîì Êðàìåðîì (Nichael Cramer)2, îäíàêî áîëüøàÿ ÷àñòü èç òîãî, ÷òî îïèñûâàåòñÿ
äàëåå, áûëà ïðèäóìàíà Äæîíîì Êîçîé, âíåñøåãî çíà÷èòåëüíûé âêëàä3.
Ðàññìîòðèì äåðåâî ñïðàâà, ñîäåðæàùåå ìàòåìàòè÷åñêîå âûðàæåíèå sin(cos(x−sinx)+x

√
x), ïðåä-

ñòàâëÿþùåå äåðåâî ãðàììàòè÷åñêîãî ðàçáîðà (parse tree) äëÿ ïðîñòîé ïðîãðàììû, êîòîðàÿ âû÷èñ-
ëÿåò ýòî âûðàæåíèå. Â òàêîì äåðåâå óçëîì ìîæåò áûòü ôóíêöèÿ, óñëîâíàÿ êîíñòðóêöèÿ è ò.ä., à
ïîòîìêàìè� àðãóìåíòû ýòîé ôóíêöèè. Åñëè èñïîëüçîâàòü òîëüêî ôóíêöèè, áåç îïåðàòîðîâ, òî C-
ïîäîáíàÿ çàïèñü äëÿ äàííîãî âûðàæåíèÿ âûãëÿäåëà áû êàê sin(add(cos(subtract(x, sin(x))), multiply(x,
sqrt(x)))).
Ïîäîáíàÿ çàïèñü èñïîëüçóåòñÿ â ÿçûêàõ ñåìåéñòâà Ëèñï (Lisp). Èìåíà ôóíêöèé çàïèñûâàþòñÿ

âíóòðè ñêîáîê è çàïÿòûå óäàëÿþòñÿ, ïîýòîìó ôóíêöèÿ foo(bar, baz(quux)) ïðåäñòàâëÿåòñÿ â âèäå
(foo bar (baz quux)). Â ÿçûêå Ëèñï îáúåêòû âèäà ( . . . ) ÿâëÿþòñÿ îäíîñâÿçàíûìè ñïèñêàìè, ïîýòîìó
Ëèñï îáðàáàòûâàåò êîä ïðîãðàììû òàê, êàê áóäòî áû ýòî îáû÷íûå äàííûå, ÷òî èäåàëüíî ïîäõîäèò
äëÿ ÃÏ. Äåðåâî ñïðàâà íà Ëèñïå ìîæíî çàïèñàòü êàê (sin (+ (cos (x (sin x))) (+ x (sqrt x)))).

0Ïåðåâîä ðàçäåëà èç êíèãè Luke S. Essentials of Metaheuristics. A Set of Undergraduate Lecture Notes. Zeroth Edition.
Online Version 0.9. July, 2010 (http://cs.gmu.edu/~sean/book/metaheuristics/). Ïåðåâåë � Þðèé Öîé, 2010 ã. Ëþ-
áûå çàìå÷àíèÿ, êàñàþùèåñÿ ïåðåâîäà, ïðîñüáà ïðèñûëàòü ïî àäðåñó yurytsoy@gmail.com
Äàííûé òåêñò äîñòóïåí ïî àäðåñó: http://qai.narod.ru/GA/meta-heuristics_4_3.pdf

1 Äæîí Êîçà ïðåäëîæèë èìåííî òàêîå ïîíèìàíèå â ñâîåé êíèãå Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå: ¾. . . ìîæíî áûëî
ïðåäïîëîæèòü, ÷òî ÿ ãîâîðèë î íàïèñàíèè êîððåêòíûõ êîìïüþòåðíûõ ïðîãðàìì. . . Â äåéñòâèòåëüíîñòè æå â
äàííîé êíèãå â îñíîâíîì ðàññìàòðèâàþòñÿ íåêîððåêòíûå ïðîãðàììû. ß, â ÷àñòíîñòè, õî÷ó îïðåäåëèòü òàêîå
ïîíÿòèå, ïðè êîòîðîì äîïóñêàþòñÿ ãðàäàöèè êà÷åñòâà èñïîëíåíèÿ êîìïüþòåðíûõ ïðîãðàìì. Êàêèå-òî ïðîãðàììû
áóäóò î÷åíü ïëîõèìè, äðóãèå ëó÷øå, ÷åì íåêîòîðûå, òðåòüè ïðèáëèçèòåëüíî êîððåêòíûìè, à îäíà êàêàÿ-íèáóäü
ïðîãðàììà ìîæåò îêàçàòüñÿ íà 100 % êîððåêòíîé.¿ (ñ. 130 èç John R. Koza, 1992, Genetic Programming: On the
Programming of Computers by Means of Natural Selection, MIT Press.)

2 Â îäíîé è òîé æå ñòàòüå Êðàìåð ïðåäëîæèë êàê ÃÏ ñ êîäèðîâàíèåì äåðåâüÿìè, òàê è ÃÏ ñ êîäèðîâàíèåì ñïèñêàìè,
ñõîæåå ñ îïèñûâàåìûì â Ðàçäåëå 4.4. Îí íàçâàë ýòî âåðñèåé ÿçûêà JB, îñíîâàííîé íà ñïèñêàõ, è âåðñèåé ÿçûêà TB,
îñíîâàííîé íà äåðåâüÿõ. Nichael Lynn Cramer, 1985, A representation for the adaptive generation of simple sequential
programs, in John J. Grefenstette, editor, Proceedings of an International Conference on Genetic Algorithms and the
Applications, pages 183�187.

3 Âåñü ìàòåðèàë â Ðàçäåëå 4.3, åñëè íå îãîâîðåíî èíîå, ðàçðàáîòàí Êîçîé. Äëÿ ññûëêè íà ðàáîòó ñì. ñíîñêó 1, íà
ýòîé ñòðàíèöå

1

http://cs.gmu.edu/~sean/book/metaheuristics/
http://qai.narod.ru/GA/meta-heuristics_4_3.pdf


Because computer programs are variable in size, the representations used by this community
are also variable in size, mostly lists and trees. In GP, such lists and trees are typically formed
from basic functions or CPU operations (like + or if or kick-towards-goal). Some of these operations
cannot be performed in the context of other operations. For example, 4 + kick-towards-goal() makes
no sense unless kick-towards-goal returns a number. In a similar vein, certain nodes may be restricted
to having a certain number of children: for example, if a node is matrix-multiply, it might be
expecting exactly two children, representing the matrices to multiply together. For this reason, GP’s
initialization and Tweaking operators are particularly concerned with maintaining closure, that is,
producing valid individuals from previous ones.

One of the nifty things about optimizing computer programs is how you assess their fitness:
run them and see how they do! This means that the data used to store the genotypes of the
individuals might be made to conveniently correspond to the code of the phenotypes when run. It’s
not surprising that the early implementations of GP all employed a language in which code and
data were closely related: Lisp.
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Figure 18 A Symbolic Re-
gression tree.

The most common form of GP employs trees as its representation, and
was first proposed by Nichael Cramer47, but much of the work discussed
here was invented by John Koza, to whom a lot of credit is due.48

Consider the tree at right, containing the mathematical expression
sin(cos(x− sin x) + x

√
x). This is the parse tree of a simple program which

performs this expression. In a parse tree, a node is a function or if statement
etc., and the children of a node are the arguments to that function. If we
used only functions and no operators, we might write this in a C-ish form
as sin(add(cos(subtract(x, sin(x))), multiply(x, sqrt(x)))).

The Lisp family of languages is particularly adept at this. In Lisp,
the function names are tucked inside the parentheses, and commas are
removed, so the function foo(bar, baz(quux)) appears as (foo bar (baz
quux)). In Lisp objects of the form ( ... ) are actually singly-linked lists, so
Lisp can manipulate code as if it were data. Perfect for tree-based GP. In
Lisp, the figure at right is (sin (+ (cos (− x (sin x))) (∗ x (sqrt x)))).

if-food-ahead

forward do

left if-food-ahead

do

forward left

right

Figure 19 An Artificial Ant tree.

How might we evaluate the fitness of the individual at right?
Perhaps this expression is meant to fit some data as closely as pos-
sible. Let’s say the data is twenty pairs of the form 〈xi, f (xi)〉. We
could test this tree against a given pair i by setting the return value
of the x operator to be xi, then executing the tree, getting the value
vi it evaluates to, and computing the some squared error from
f (xi), that is, δi = (vi − f (xi))2. The fitness of an individual might
be the square root of the total error,

√
δ1 + δ2 + ... + δn. The family

of GP problems like this, where the objective is to fit an arbitrarily
complex curve to a set of data, is called symbolic regression.

Programs don’t have to be equations: they can actually do
things rather than simply return values. An example is the tree

47In a single paper Cramer proposed both tree-based GP and a list-based GP similar to that discussed in Section 4.4. He
called the list-based version the JB Language, and the tree-based version the TB Language. Nichael Lynn Cramer, 1985,
A representation for the adaptive generation of simple sequential programs, in John J. Grefenstette, editor, Proceedings of
an International Conference on Genetic Algorithms and the Applications, pages 183–187.

48Except as noted, the material in Section 4.3 is all due to John Koza. For the primary work, see Footnote 46, p. 46.
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Ðèñ. .18: Äåðåâî äëÿ çàäà÷è ñèìâîëüíîé ðåãðåññèè

Because computer programs are variable in size, the representations used by this community
are also variable in size, mostly lists and trees. In GP, such lists and trees are typically formed
from basic functions or CPU operations (like + or if or kick-towards-goal). Some of these operations
cannot be performed in the context of other operations. For example, 4 + kick-towards-goal() makes
no sense unless kick-towards-goal returns a number. In a similar vein, certain nodes may be restricted
to having a certain number of children: for example, if a node is matrix-multiply, it might be
expecting exactly two children, representing the matrices to multiply together. For this reason, GP’s
initialization and Tweaking operators are particularly concerned with maintaining closure, that is,
producing valid individuals from previous ones.

One of the nifty things about optimizing computer programs is how you assess their fitness:
run them and see how they do! This means that the data used to store the genotypes of the
individuals might be made to conveniently correspond to the code of the phenotypes when run. It’s
not surprising that the early implementations of GP all employed a language in which code and
data were closely related: Lisp.
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Figure 18 A Symbolic Re-
gression tree.

The most common form of GP employs trees as its representation, and
was first proposed by Nichael Cramer47, but much of the work discussed
here was invented by John Koza, to whom a lot of credit is due.48

Consider the tree at right, containing the mathematical expression
sin(cos(x− sin x) + x

√
x). This is the parse tree of a simple program which

performs this expression. In a parse tree, a node is a function or if statement
etc., and the children of a node are the arguments to that function. If we
used only functions and no operators, we might write this in a C-ish form
as sin(add(cos(subtract(x, sin(x))), multiply(x, sqrt(x)))).

The Lisp family of languages is particularly adept at this. In Lisp,
the function names are tucked inside the parentheses, and commas are
removed, so the function foo(bar, baz(quux)) appears as (foo bar (baz
quux)). In Lisp objects of the form ( ... ) are actually singly-linked lists, so
Lisp can manipulate code as if it were data. Perfect for tree-based GP. In
Lisp, the figure at right is (sin (+ (cos (− x (sin x))) (∗ x (sqrt x)))).

if-food-ahead

forward do

left if-food-ahead

do

forward left

right

Figure 19 An Artificial Ant tree.

How might we evaluate the fitness of the individual at right?
Perhaps this expression is meant to fit some data as closely as pos-
sible. Let’s say the data is twenty pairs of the form 〈xi, f (xi)〉. We
could test this tree against a given pair i by setting the return value
of the x operator to be xi, then executing the tree, getting the value
vi it evaluates to, and computing the some squared error from
f (xi), that is, δi = (vi − f (xi))2. The fitness of an individual might
be the square root of the total error,

√
δ1 + δ2 + ... + δn. The family

of GP problems like this, where the objective is to fit an arbitrarily
complex curve to a set of data, is called symbolic regression.

Programs don’t have to be equations: they can actually do
things rather than simply return values. An example is the tree

47In a single paper Cramer proposed both tree-based GP and a list-based GP similar to that discussed in Section 4.4. He
called the list-based version the JB Language, and the tree-based version the TB Language. Nichael Lynn Cramer, 1985,
A representation for the adaptive generation of simple sequential programs, in John J. Grefenstette, editor, Proceedings of
an International Conference on Genetic Algorithms and the Applications, pages 183–187.

48Except as noted, the material in Section 4.3 is all due to John Koza. For the primary work, see Footnote 46, p. 46.
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Ðèñ. .19: Äåðåâî äëÿ çàäà÷è èñêóññòâåííîãî ìóðàâüÿ

Êàêèì îáðàçîì ïðàâèëüíî îöåíèòü ïðèñïîñîáëåííîñòü îñîáè? Âîçìîæíî âûðàæåíèå äîëæíî êàê
ìîæíî ëó÷øå àïïðîêñèìèðîâàòü íåêîòîðûå äàííûå, ïðåäñòàâëÿþùèå, äîïóñòèì, äâàäöàòü ïàð âèäà
〈xi, f(xi)〉. Äëÿ òåñòèðîâàíèÿ äåðåâà i-é ïàðîé âîçâðàùàåìîå çíà÷åíèå îïåðàòîðà x ïðèíèìàåòñÿ ðàâ-
íûì xi, çàòåì èñïîëíÿåòñÿ âû÷èñëåíèå ïî äåðåâó ñ çàïèñüþ ðåçóëüòàòà â ïåðåìåííóþ vi, ïîñëå ÷åãî
ïîäñ÷èòûâàåòñÿ êâàäðàòè÷íàÿ îøèáêà îòíîñèòåëüíî f(xi), ò.å. êàê δi = (vi−f(xi))2. Ïðèñïîñîáëåí-
íîñòü îñîáè ìîæíî âû÷èñëèòü êàê êâàäðàòíûé êîðåíü èç ñóììàðíîé îøèáêè:

√
δ1 + δ2 + . . . + δn.

Çàäà÷è â ÃÏ, èìåþùèå ïîäîáíóþ ïîñòàíîâêó, â êîòîðûõ íåîáõîäèìî àïïðîêñèìèðîâàòü ïðîèçâîëü-
íóþ êðèâóþ ñëîæíîé ôîðìû ïî íàáîðàì èçìåðåíèé, íàçûâàþòñÿ çàäà÷àìè ñèìâîëüíîé ðåãðåññèè
(symbolic regression).
Ïðîãðàììû íå îáÿçàòåëüíî äîëæíû ïðåäñòàâëÿòü óðàâíåíèÿ, îíè ìîãóò è äåëàòü ÷òî-íèáóäü,

à íå ïðîñòî âîçâðàùàòü íåêîòîðîå çíà÷åíèå. Ïðèìåðîì ÿâëÿåòñÿ äåðåâî, ïîêàçàííîå íà ðèñ. 19,
êîòîðàÿ ïðåäñòàâëÿåò ïðîãðàììó, óïðàâëÿþùóþ äâèæåíèåì ìóðàâüÿ íà ïîëå, ïî êîòîðîìó ðàçáðî-
ñàíà ïèùà. Îïåðàòîð if-food-ahead çàâèñèò îò äâóõ àðãóìåíòîâ, îäèí èç íèõ ñîîòâåòñòâóåò îöåíêå
åñòü ëè âïåðåäè åäà, à äðóãîé� åå îòñóòñòâèþ. Îïåðàòîð do òàêæå èìååò äâà àðãóìåíòà è îöåíè-
âàåò ñíà÷àëà ëåâûé, à çàòåì ïðàâûé. Îïåðàòîðû left è right ïîâîðà÷èâàþò ìóðàâüÿ íà 90°âëåâî èëè
âïðàâî, forward ïåðåìåùàåò ìóðàâüÿ íà îäíó êëåòêó âïåðåä, ïðè ýòîì ìóðàâåé ñúåäàåò åäó ïåðåä
íèì. Ñ÷èòàÿ ÷òî ïèùà ðàçáðîñàíà âíóòðè íåêîòîðîé ñåòêè, öåëüþ ÿâëÿåòñÿ ïîèñê ïðîãðàììû, êî-
òîðàÿ, áóäó÷è èñïîëíåííîé (âîçìîæíî, ìíîãîêðàòíîì), ïðèâîäèò ê ïîåäàíèþ êàê ìîæíî áîëüøåãî
êîëè÷åñòâà ïèùè, êîòîðîå è ÿâëÿåòñÿ çíà÷åíèåì ïðèñïîñîáëåííîñòè. Ýòî äîñòàòî÷íî ïîïóëÿðíàÿ
òåñòîâàÿ çàäà÷à èçâåñòíàÿ êàê çàäà÷à èñêóññòâåííîãî ìóðàâüÿ (arti�cial ant).
Ïðîãðàììà óïðàâëåíèÿ èñêóññòâåííûì ìóðàâüåì íà ÿçûêå Ëèñï (â íåñêîëüêî íåêîððåêòíîì âè-

äå) áóäåò âûãëÿäåòü òàê: (if-food-ahead forward (do left (if-food-ahead (do forward left) right))). Íà Ñ
àíàëîãè÷íàÿ ïðîãðàììà ìîæåò áûòü çàïèñàíà êàê if (foodAhead) forward(); else left(); if (foodAhead)
forward(); left(); else right(); . Çäåñü ïðåäïîëàãàåòñÿ, ÷òî do ýòî îáû÷íûé áëîê {}4.
Äëÿ ÃÏ ñ êîäèðîâàíèåì äåðåâüÿìè, êîíå÷íî æå, ìîæíî èñïîëüçîâàòü ëþáîé àëãîðèòì îïòèìèçà-

öèè. Îäíàêî ñóùåñòâóåò è ñâîé òðàäèöèîííûé àëãîðèòì, îïèñàííûé ðàíåå â Ðàçäåëå 3.3.3 è ÿâëÿ-
þùèéñÿ òàêîâûì áåç îñîáåííûõ íà òî ïðè÷èí.

4 Ýõ, êîä áåç âûðàâíèâàíèÿ ïëîõî ÷èòàåòñÿ
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4.3.1 Èíèöèàëèçàöèÿ

Â ÃÏ íîâûå äåðåâüÿ ñîçäàþòñÿ ïóòåì èòåðàòèâíîãî âûáîðà ýëåìåíòîâ èç ìíîæåñòâà ôóíêöèé

(function set) (íàáîð ýëåìåíòîâ, êîòîðûå ìîãóò âûñòóïàòü â ðîëè óçëîâ äåðåâà) è èõ ñâÿçûâàíèÿ.
Â ïðèìåðå äëÿ çàäà÷è èñêóññòâåííîãî ìóðàâüÿ ìíîæåñòâî ôóíêöèé ìîãëî ñîñòîÿòü èç if-food-ahead,
do, forward, left, è right. Äëÿ ïðèìåðà çàäà÷è ñèìâîëüíîé ðåãðåññèè ýòî ìíîæåñòâî ìîãëî âêëþ÷àòü
+, -, *, sin, cos, sqrt, x, è äðóãèõ ðàçëè÷íûõ ìàòåìàòè÷åñêèõ îïåðàòîðîâ. Îòìåòèì, ÷òî äëÿ êàæäîé
ôóíêöèè âî ìíîæåñòâå îïðåäåëåíà åå àðíîñòü, îáîçíà÷àþùàÿ çàðàíåå îïðåäåëåííîå êîëè÷åñòâî
óçëîâ-ïîòîìêîâ. Ó sin îäèí ïîòîìîê. Ó do è +�äâà, à x è forward âîîáùå íå èìåþò ïîòîìêîâ. Óçëû
ñ íóëåâîé àðíîñòüþ (áåç ïîòîìêîâ) íàçûâàþòñÿ ëèñòüÿìè, óçëû ñ àðíîñòüþ ≥ 1� íå ëèñòüÿìè.
Àëãîðèòìû, êîòîðûå ñâÿçûâàþò óçëû ìåæäó ñîáîé â îáùåì ñëó÷àå äîëæíû ó÷èòûâàòü ýòè îáñòî-
ÿòåëüñòâà, ÷òîáû ïîñòðîèòü ïðàâèëüíîå äåðåâî.
Îäíèì èç ðàñïðîñòðàíåííûõ àëãîðèòìîâ ÿâëÿåòñÿ Grow, êîòîðûé ñòðîèò ñëó÷àéíûå äåðåâüÿ â

ãëóáèíó äî çàäàííîãî çíà÷åíèÿ.

Àëãîðèòì 54 Àëãîðèòì Grow

1: max � ìàêñèìàëüíî âîçìîæíàÿ ãëóáèíà
2: FunctionSet � ìíîæåñòâî ôóíêöèé

3: return DoGrow(1, max, FunctionSet)

4: Procedure DoGrow (depth, max, FunctionSet)
5: if depth > max then
6: return Copy(ñëó÷àéíûé óçåë-ëèñò èç FunctionSet)
7: else

8: b � Copy(ñëó÷àéíûé óçåë èç FunctionSet)
9: l � êîëè÷åñòâî ïîòîìêîâ äëÿ n
10: for i îò 1 äî l do
11: i-é ïîòîìîê óçëà n � DoGrow(depth + 1, max, FunctionSet)
12: end for

13: return n
14: end if

Àëãîðèòì Full ÿâëÿåòñÿ íåáîëüøîé ìîäèôèêàöèåé ïðåäûäóùåãî àëãîðèòìà, â êîòîðîé ïðèíóäè-
òåëüíî ñòðîèòñÿ äåðåâî ìàêñèìàëüíî âîçìîæíîé ãëóáèíû.

Àëãîðèòì 55 Àëãîðèòì Full

1: max � ìàêñèìàëüíî âîçìîæíàÿ ãëóáèíà
2: FunctionSet � ìíîæåñòâî ôóíêöèé

3: return DoFull(1, max, FunctionSet)

4: Procedure DoFull (depth, max, FunctionSet)
5: if depth > max then
6: return Copy(ñëó÷àéíûé óçåë-ëèñò èç FunctionSet)
7: else

8: b � Copy(ñëó÷àéíûé óçåë íå ëèñò èç FunctionSet) {Åäèíñòâåííîå îòëè÷èå!}
9: l � êîëè÷åñòâî ïîòîìêîâ äëÿ n
10: for i îò 1 äî l do
11: i-é ïîòîìîê óçëà n � DoFull(depth + 1, max, FunctionSet)
12: end for

13: return n
14: end if

Òðàäèöèîííî â ÃÏ ïðè ïîñòðîåíèè íîâîãî äåðåâà ñëó÷àéíî âûáèðàåòñÿ îäèí èç ýòèõ àëãîðèòìîâ,
à ìàêñèìàëüíàÿ ãëóáèíà âûáèðàåòñÿ îò 2 äî 6. Äàííàÿ ïðîöåäóðà ïîëó÷èëà íàçâàíèå Ramped
Half-and-Half.
Ñëîæíîñòü èñïîëüçîâàíèÿ ýòèõ àëãîðèòìîâ â òîì, ÷òî îíè íå ïðåäîñòàâëÿþò ñïîñîáà êîíòðîëèðî-

âàòü ðàçìåð äåðåâüåâ, è ðåçóëüòàòîì èõ ðàáîòû ÷àñòî ÿâëÿåòñÿ äîâîëüíî ñòðàííîå ¾ðàñïðåäåëåíèå¿
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Àëãîðèòì 56 Àëãîðèòì Ramped Half-and-Half

1: minMax � ìèíèìàëüíàÿ ðàçðåøåííàÿ ìàêñèìàëüíàÿ ãëóáèíà
2: maxMax � ìàêñèìàëüíàÿ ðàçðåøåííàÿ ìàêñèìàëüíàÿ ãëóáèíà {. . . åñëè ýòî âîîáùå èìååò

êàêîé-íèáóäü ñìûñë. . . }
3: FunctionSet � ìíîæåñòâî ôóíêöèé

4: d � ñëó÷àéíàÿ âåëè÷èíà, ðàâíîìåðíî ðàñïðåäåëåííàÿ â èíòåðâàëå [minMax, maxMax]
5: if 0.5 < ñëó÷àéíàÿ âåëè÷èíà, ðàâíîìåðíî ðàñïðåäåëåííàÿ â èíòåðâàëå [0, 1] then
6: return DoGrow(1, d, FunctionSet)
7: else

8: return DoFull(1, d, FunctionSet)
9: end if

äåðåâüåâ. Â íàñòîÿùåå âðåìÿ ðàçðàáîòàíî âåñüìà áîëüøîå êîëè÷åñòâî àëãîðèòìîâ, ïîçâîëÿþùèõ
ïîëó÷àòü áîëåå ïðåäñêàçóåìûå ðåçóëüòàòû5. Âîò ìîé àëãîðèòì, PTC26, ïðîèçâîäÿùèé äåðåâî ñ
ãëóáèíîé íå áîëåå òðåáóåìîé è îãðàíè÷åíèåì íà ìàêñèìàëüíîå êîëè÷åñòâî ïîòîìêîâ ó êàæäîãî
íåëèñòîâîãî óçëà. Ýòîò àëãîðèòì ëåãêî îïèñàòü. Ìû ñëó÷àéíî ðàñøèðÿåì äåðåâî äî òåõ ïîð, ïîêà
êîëè÷åñòâî íåëèñòîâûõ óçëîâ â ñóììå ñ íåçàïîëíåííûìè (íåèíèöèàëèçèðîâàííûìè) óçëîâ íå ñòàíåò
ðàâíî èëè áîëüøå æåëàåìîãî ðàçìåðà. Ïîñëå ýòîãî íà ìåñòî íåçàïîëíåííûõ óçëîâ ïîäñòàâëÿþòñÿ
óçëîâûå:

Àëãîðèòì 57 Àëãîðèòì PTC2

1: s � òðåáóåìûé ðàçìåð äåðåâà
2: FunctionSet � ìíîæåñòâî ôóíêöèé

3: if s = 1 then
4: return Copy(Ñëó÷àéíûé ëèñòîâîé óçåë èç FunctionSet)
5: else

6: Q← {}
7: r ← Copy(Ñëó÷àéíûé íåëèñòîâîé óçåë èç FunctionSet)
8: c← 1
9: for êàæäûé íåèíèöèàëèçèðîâàííûé óçåë-ïîòîìîê b èç r do
10: Q← Q ∪ {b}
11: end for

12: while c+ ‖Q‖ < s do
13: a← ñëó÷àéíûé íåèíèöèàëèçèðîâàííûé óçåë, èçúÿòûé áåç âîçðàòà èç Q.
14: m← Copy(Ñëó÷àéíûé íåëèñòîâîé óçåë èç FunctionSet)
15: c← c+ 1
16: Âìåñòî a ïîäñòàâëÿåòñÿ m
17: for êàæäûé íåèíèöèàëèçèðîâàííûé óçåë-ïîòîìîê b èç m do

18: Q← Q ∪ {b}
19: end for

20: end while

21: for êàæäûé óçåë-ïîòîìîê q ∈ Q do

22: m← Copy(Ñëó÷àéíûé ëèñòîâîé óçåë èç FunctionSet)
23: Âìåñòî q ïîäñòàâëÿåòñÿ m
24: end for

25: return r
26: end if

5 Ëèâèó Ïàíàèò (Liviu Panait) è ÿ äåëàëè èññëåäîâàíèå íà ýòó òåìó, ïðåäñòàâëåííîå â Sean Luke and Liviu Panait,
2001, A survey and comparison of tree generation algorithms, in Lee Spector, et al., editors, Proceedings of the Genetic
and Evolutionary Computation Conference (GECCO-2001), pages 81�88, Morgan Kaufmann, San Francisco, California,
USA.

6 PTC2 ïðåäëîæåí â Sean Luke, 2000, Two fast tree-creation algorithms for genetic programming, IEEE Transactions
on Evolutionary Computation, 4(3), 274�283. Ýòî äîñòàòî÷íî î÷åâèäíûé àëãîðèòì, êîòîðûé áåç ñîìíåíèÿ áûë
èñïîëüçîâàí è ðàíåå â ðàçëè÷íûõ äðóãèõ êîíòåêñòàõ.
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Algorithm 56 The PTC2 Algorithm
1: s← desired tree size
2: FunctionSet ← function set

3: if s = 1 then
4: return Copy(a randomly-chosen leaf node from FunctionSet)
5: else
6: Q← { }
7: r ← Copy(a randomly-chosen non-leaf node from FunctionSet)
8: c← 1
9: for each child argument slot b of m do

10: Q← Q ∪ {b}
11: while c + ||Q|| < s do
12: a← an argument slot removed at random from Q
13: m← Copy(a randomly-chosen non-leaf node from FunctionSet)
14: c← c + 1
15: Fill slot a with m
16: for each child argument slot b of m do
17: Q← Q ∪ {b}
18: for each argument slot q ∈ Q do
19: m← Copy(a randomly-chosen leaf node from FunctionSet)
20: Fill slot q with m
21: return r
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x
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∗

sqrt

ERC

x

Figure 20 A tree with ERC
placeholders inserted. See
Figure 21.

Ephemeral Random Constants It’s often useful to include in the
function set a potentially infinite number of constants (like 0.2462 or
〈0.9,−2.34, 3.14〉 or 2924056792 or “s%&e :m”) which get sprinkled into
your trees. For example, in the Symbolic Regression problem, it might be
nice to include in the equations constants such as -2.3129. How can we
do this? Well, function sets don’t have to be fixed in size if you’re careful.
Instead you might include in the function set a special node (often a leaf
node) called an ephemeral random constant (or ERC). Whenever an ERC
is selected from the function set and inserted into the tree, it automatically
transforms itself into a randomly-generated constant of your choosing.
From then on, that particular constant never changes its value again (un-
less mutated by a special mutation operator). Figure 20 shows ERCs
inserted into the tree, and Figure 21 shows their conversion to constants.

4.3.2 Recombination

−

+

0.231 sin

x

cos

∗

sqrt

-0.194

x

Figure 21 The tree in Fig-
ure 20 with ERC placehold-
ers replaced with perma-
nent constants.

GP usually does recombination using subtree crossover. The idea is straightforward: in each
individual, select a random subtree (which can possibly be the root). Then swap those two subtrees.
It’s common, but hardly necessary, to select random subtrees by picking leaf nodes 10% of the time
and non-leaf nodes 90% of the time. Algorithm 57 shows how select a subtree of a given type.
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Ðèñ. .20: Äåðåâî ñ ERC óçëàìè. Ñì. òàêæå ðèñ. 21

Algorithm 56 The PTC2 Algorithm
1: s← desired tree size
2: FunctionSet ← function set

3: if s = 1 then
4: return Copy(a randomly-chosen leaf node from FunctionSet)
5: else
6: Q← { }
7: r ← Copy(a randomly-chosen non-leaf node from FunctionSet)
8: c← 1
9: for each child argument slot b of m do

10: Q← Q ∪ {b}
11: while c + ||Q|| < s do
12: a← an argument slot removed at random from Q
13: m← Copy(a randomly-chosen non-leaf node from FunctionSet)
14: c← c + 1
15: Fill slot a with m
16: for each child argument slot b of m do
17: Q← Q ∪ {b}
18: for each argument slot q ∈ Q do
19: m← Copy(a randomly-chosen leaf node from FunctionSet)
20: Fill slot q with m
21: return r
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Figure 20 A tree with ERC
placeholders inserted. See
Figure 21.

Ephemeral Random Constants It’s often useful to include in the
function set a potentially infinite number of constants (like 0.2462 or
〈0.9,−2.34, 3.14〉 or 2924056792 or “s%&e :m”) which get sprinkled into
your trees. For example, in the Symbolic Regression problem, it might be
nice to include in the equations constants such as -2.3129. How can we
do this? Well, function sets don’t have to be fixed in size if you’re careful.
Instead you might include in the function set a special node (often a leaf
node) called an ephemeral random constant (or ERC). Whenever an ERC
is selected from the function set and inserted into the tree, it automatically
transforms itself into a randomly-generated constant of your choosing.
From then on, that particular constant never changes its value again (un-
less mutated by a special mutation operator). Figure 20 shows ERCs
inserted into the tree, and Figure 21 shows their conversion to constants.

4.3.2 Recombination
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0.231 sin

x

cos
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sqrt

-0.194

x

Figure 21 The tree in Fig-
ure 20 with ERC placehold-
ers replaced with perma-
nent constants.

GP usually does recombination using subtree crossover. The idea is straightforward: in each
individual, select a random subtree (which can possibly be the root). Then swap those two subtrees.
It’s common, but hardly necessary, to select random subtrees by picking leaf nodes 10% of the time
and non-leaf nodes 90% of the time. Algorithm 57 shows how select a subtree of a given type.
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Ðèñ. .21: Äåðåâî íà ðèñ. 20 ñ ERC óçëàìè, çàìåíåííûìè íà êîíñòàíòû

Ýôåìåðíûå ñëó÷àéíûå êîíñòàíòû ×àñòî áûâàåò ïîëåçíûì âêëþ÷èòü âî ìíîæåñòâî ôóíêöèé ïî-
òåíöèàëüíî áåñêîíå÷íîå ÷èñëî êîíñòàíò (òàêèõ êàê 0.2462, 〈0.9, 2.34, 3.14〉, 2924056792 èëè �s%&e:m�),
êîòîðûå âñòàâëÿþòñÿ â äåðåâî ïðè ïîñòðîåíèè. Íàïðèìåð, â çàäà÷å ñèìâîëüíîé ðåãðåññèè áûëî áû
ïîëåçíûì óìåòü âêëþ÷èòü â óðàâíåíèÿ êîíñòàíòû, äîïóñòèì −2.3129. Êàê ýòî ìîæíî ñäåëàòü? Äëÿ
íà÷àëà, ïðè îñòîðîæíîì ïðîåêòèðîâàíèè, ìíîæåñòâî ôóíêöèé íå îáÿçàòåëüíî äîëæíî áûòü ôèêñè-
ðîâàííîãî ðàçìåðà, ìîæíî âêëþ÷èòü òóäà ñïåöèàëüíûé óçåë (÷àñòî ëèñòîâîé), êîòîðûé íàçûâàþò
ýôåìåðíàÿ ñëó÷àéíàÿ êîíñòàíòà (ephemeral random constant, ERC ). Êàæäûé ðàç, êîãäà
ERC âûáèðàåòñÿ äëÿ âñòàâêè â äåðåâî, îíà àâòîìàòè÷åñêè ïðåîáðàçóåòñÿ â ïñåâäîñëó÷àéíóþ êîí-
ñòàíòó, ëèáî â çàäàííîå âàìè çíà÷åíèå. Â äàëüíåéøåì ýòî çíà÷åíèå óæå íå ìåíÿåòñÿ (êðîìå êàê
ñïåöèàëüíûì îïåðàòîðîì ìóòàöèè). Íà ðèñ. 20 ïîêàçàíû ERC, âñòàâëåííûå â äåðåâî, à íà ðèñ. 21 �
ðåçóëüòàò èõ ïðåîáðàçîâàíèÿ â êîíñòàíòû.

4.3.2 Ðåêîìáèíàöèÿ

Â ÃÏ ðåêîìáèíàöèÿ îáû÷íî ïðîèçâîäèòñÿ ñ èñïîëüçîâàíèåì êðîññèíãîâåðà äëÿ ïîääåðåâüåâ

(subtree crossover). Åãî èäåÿ î÷åâèäíà: ó êàæäîé ñêðåùèâàåìîé îñîáè âûáèðàåòñÿ ñëó÷àéíîå ïîä-
äåðåâî (êîòîðîå ìîæåò íà÷èíàòüñÿ è îò êîðíÿ), à çàòåì ïðîèçâîäèòñÿ îáìåí ýòèìè ïîääåðåâüÿìè.
×àñòî, õîòÿ è ñîâåðøåííî íå îáÿçàòåëüíî, äëÿ ñëó÷àéíîãî âûáîðà ïîääåðåâà â 10 % ñëó÷àåâ âûáèðà-
þò ëèñòîâûå óçëû, à â 90 %� ëèñòîâûå. Â àëãîðèòìå 57 ïîêàçàíî, êàê âûáðàòü ïîääåðåâî çàäàííîãî
òèïà:

4.3.3 Ìóòàöèÿ

Â ÃÏ ìóòàöèÿ ïðîèçâîäèòñÿ íå÷àñòî, ïîñêîëüêó îïåðàòîð êðîññèíãîâåðà íåãîìîëîãè÷åí7 è âíîñèò
áîëüøèå èçìåíåíèÿ. Òåì íå ìåíåå, ïðèñóòñòâóåò ìíîæåñòâî âîçìîæíîñòåé äëÿ ìóòàöèè, íàïðèìåð:

� Ìóòàöèè ïîääåðåâà (Subtree mutation): Âûáèðàåì ñëó÷àéíîå ïîääåðåâî è çàìåíÿåì åãî
íà ñëó÷àéíî-ñãåíåðèðîâàííîå äåðåâî ñ èñïîëüçîâàíèåì âûøåïðèâåäåííûõ àëãîðèòìîâ. Îáû÷íî
Grow èñïîëüçóåòñÿ ñ ìàêñèìàëüíîé ãëóáèíîé ðàâíîé 5, è, êàê óæå óïîìèíàëîñü, ëèñòîâûå óçëû
âûáèðàþòñÿ â 10% ñëó÷àåâ, à íåëèñòîâûå � â 90%.

� Çàìåíà ñëó÷àéíîãî íåëèñòîâîãî óçëà îäíèì èç åãî ïîääåðåâüåâ.

� Äëÿ ñëó÷àéíîãî íåëèñòîâîãî óçëà ïðîèçâîäèòñÿ îáìåí ïîääåðåâüåâ ìåñòàìè.

7 Âñïîìíèì, ÷òî â ñëó÷àå ãîìîëîãè÷íîãî êðîññèíãîâåðà ñêðåùèâàíèå îñîáè ñ ñîáîé äàåò â ðåçóëüòàòå êîïèè ýòîé
îñîáè
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Àëãîðèòì 58 Âûáîð ïîääåðåâà

1: r � êîðíåâîé óçåë äåðåâà
2: f(node) � ôóíêöèÿ, âîçâðàùàþùàÿ true, åñëè óçåë ïðèíàäëåæèò ê èñêîìîìó òèïó

3: ãëîáàëüíàÿ c← 0
4: CountNodes(r, f)
5: if c = 0 then
6: return � {�null�, �failure�èëè ÷òî-íèáóäü â ýòîì äóõå}
7: else

8: a← ñëó÷àéíàÿ öåëî÷èñëåííàÿ âåëè÷èíà èç èíòåðâàëà [1; c]
9: c← 0
10: return PickNode(r, a, f)
11: end if

12: Procedure CountNodes(r, f) {Îáû÷íûé ïîèñê â ãëóáèíó}
13: if f(r) == true then
14: c← c+ 1
15: end if

16: for Êàæäûé óçåë-ïîòîìîê i äëÿ r do
17: CountNodes(i, f)
18: end for

19: Procedure PickNode(r, a, f) {È ñíîâà ïîèñê â ãëóáèíó!}
20: if f(r) == true then
21: c← c+ 1
22: if c ≥ a then
23: return r
24: end if

25: end if

26: for Êàæäûé óçåë-ïîòîìîê i äëÿ r do
27: v ← PickNode(r, a, f)
28: if v 6= � then

29: return v
30: end if

31: end for

32: return � {Äî ýòîãî ìåñòà ïðîãðàììà íå äîëæíà äîéòè}
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� Åñëè óçëû äåðåâà ÿâëÿþòñÿ ýôåìåðíûìè ñëó÷àéíûìè êîíñòàíòàìè, òî îíè èçìåíÿþòñÿ ñ íåêî-
òîðûì øóìîì.

� Âûáèðàþòñÿ äâà ïîääåðåâà îñîáè òàêèì îáðàçîì, ÷òî íè îäíî èç íèõ íå ñîäåðæèò äðóãîå, è
ìåíÿþòñÿ ìåñòàìè.

Ìîæíî èñïîëüçîâàòü àëãîðèòì 57 äëÿ âûáîðà ïîääåðåâüåâ äëÿ äàííûõ ñïîñîáîâ. Àëãîðèòì 57
íàçûâàåòñÿ âûáîð ïîääåðåâà, íî ñ òàêèì æå óñïåõîì îí ìîã áû áûòü íàçâàí è âûáîð óçëà. Äëÿ
íà÷àëà ïîäñ÷èòûâàþòñÿ âñå óçëû äåðåâà çàäàííîãî òèïà, íàïðèìåð, íóæíî âûáðàòü ëèñòîâîé óçåë.
Çàòåì ãåíåðèðóåòñÿ ñëó÷àéíîå ÷èñëî a, ìåíüøåå êîëè÷åñòâà ïîñ÷èòàííûõ óçëîâ. Ïîñë ýòîãî ïðîõî-
äèì ïî äåðåâó â ãëóáèíó, îäíîâðåìåííî ïîäñ÷èòûâàÿ êîëè÷åñòâî âñòðå÷åííûõ óçëîâ äàííîãî òèïà,
äî òåõ ïîð, ïîêà íå äîéäåì äî a-ãî, êîòîðûé è áóäåò èñêîìûì.

4.3.4 Ëåñà è àâòîìàòè÷åñêè îïðåäåëåííûå ôóíêöèè

Â ÃÏ íåò îãðàíè÷åíèÿ íà èñïîëüçîâàíèå òîëüêî îäíîãî äåðåâà: ñîâåðøåííî ðàçóìíûì áûâàåò èñ-
ïîëüçîâàíèå ãåíîòèïà â ôîðìå âåêòîðà äåðåâüåâ (èçâåñòíîãî êàê ëåñ). Íàïðèìåð, îäíàæäû ÿ ðàçðà-
áàòûâàë ïðîñòûå ïðîãðàììû äëÿ êîìàíäû ðîáîòîâ-ôóòáîëèñòîâ, è îäíà îñîáü ïðåäñòàâëÿëà öåëóþ
êîìàíäó ðîáîòîâ. Êàæäàÿ ïðîãðàììà äëÿ ðîáîòà âêëþ÷àëà äâà äåðåâà: îäíî îïðåäåëÿëî èãðó ðî-
áîòà áåç ìÿ÷à (âîçâðàùàëî âåêòîð íàïðàâëåíèÿ äâèæåíèÿ), à âòîðîå � èãðó ðîáîòà, êîãäà òîò áûë
äîñòàòî÷íî áëèçêî ê ìÿ÷ó, ÷òîáû íàíåñòè óäàð (âîçâðàùàëî âåêòîð íàïðàâëåíèÿ óäàðà). Îñîáü ñî-
ñòîÿëà èç n òàêèõ ïàð äåðåâüåâ, äîïóñòèì ïî îäíîé íà êàæäîãî ðîáîòà, èëè ïî îäíîé íà êàæäûé
êëàññ ðîáîòîâ (ãîëêèïåðû, ôîðâàðäû è ò.ä.), èëè âñåãî îäíà ïàðà íà âñåõ ðîáîòîâ ñðàçó (êîìàíäà
áëèçíåöîâ). Òàêèì îáðàçîì, îñîáü äëÿ ôóòáîëà ìîãëà èìåòü îò 2 äî 22 äåðåâüåâ!
Äåðåâüÿ òàêæå ìîãóò áûòü èñïîëüçîâàíû, ÷òîáû çàäàâàòü àâòîìàòè÷åñêè îïðåäåëÿåìûåôóíê-

öèè (ÀÎÔ) (automatically de�ned functions, ADFs)8, êîòîðûå ìîãóò âûçûâàòüñÿ ãëàâíûì äå-
ðåâîì. Çäåñü èñïîëüçóåòñÿ òàêîé ïðèåì êàê ìîäóëüíîñòü, êîòîðàÿ ïîçâîëÿåò âåñòè ïîèñê â î÷åíü
áîëüøèõ ïðîñòðàíñòâàõ â òîì ñëó÷àå, åñëè èçâåñòíî, ÷òî ðåøåíèÿ ñîäåðæàò ïîâòîðÿþùèåñÿ ýëå-
ìåíòû. Âìåñòî òîãî, ÷òîáû òðåáîâàòü êîäèðîâàòü â ãåíîòèïå îñîáè âñå òàêèå ïîâòîðû (íå íàðóøàÿ
ñîñòàâà è ïîðÿäêà), ÷òî î÷åíü ìàëîâåðîÿòíî, ìîæíî ïîñòóïèòü ïðîùå, à èìåííî: ðàçáèòü îñîáü íà
ìîäóëè, è â ãåíîòèïå çàäàâàòü ñâÿçè è îòíîøåíèÿ ìåæäó ýòèìè ìîäóëÿìè.
Â ñëó÷àå èñïîëüçîâàíèÿ ÀÎÔ, êîãäà çàìå÷åíî, ÷òî â õîðîøèõ ðåøåíèÿõ ÷àñòî ïðèñóòñòâóþò áîëü-

øèå ïî ðàçìåðó äåðåâüÿ ñ ïîâòîðÿþùèìèñÿ ïîääåðåâüÿìè, ïðåäïî÷òèòåëüíåé, ÷òîáû îñîáü âêëþ-
÷àëà îäíó èëè äâå ïîäôóíêöèè, êîòîðûå ìíîãîêðàòíî âûçûâàþòñÿ ãëàâíûì äåðåâîì. Ýòîãî ìîæíî
äîñòè÷ü, äîáàâèâ ê îñîáè âòîðîå äåðåâî (ÀÎÔ) è âêëþ÷èâ âî ìíîæåñòâî ôóíêöèé ðîäèòåëüñêî-
ãî äåðåâà îñîáûå óçëû9, êîòîðûå ïðîñòî âûçûâàþò ýòî âòîðîå äåðåâî. Ïðè íåîáõîäèìîñòè ìîæíî
äîáàâëÿòü íîâûå ÀÎÔ.
Â êà÷åñòâå èëëþñòðàòèâíîãî ïðèìåðà, ðàññìîòðèì çàäà÷ó äëÿ ÃÏ, â êîòîðîé õîðîøåå ðåøåíèå ñ

áîëüøîé âåðîÿòíîñòüþ áóäåò èìåòü ïîäôóíêöèè îò äâóõ àðãóìåíòîâ. Çàðàíåå íåèçâåñòíî, êàêèå ýòî
ôóíêöèè, îäíàêî ïðåäïîëàãàåòñÿ, ÷òî ýòî óñëîâèå âåðíî. Ýòîãî ìîæíî äîñòè÷ü, åñëè ïðåäñòàâëåíèå
îñîáè â ÃÏ áóäåò ñîñòîÿòü èç äâóõ äåðåâüåâ: ãëàâíîãî äåðåâà è åùå îäíîãî ÀÎÔ-äåðåâà îò äâóõ
àðãóìåíòîâ, êîòîðîå íàçîâåì, äîïóñòèì, ADF1.
Äîáàâèì êî ìíîæåñòâó ôóíêöèé ãëàâíîãî äåðåâà íîâóþ íåëèñòîâóþ: ADF1(child1, child2 ). Äåðåâî

ADF1 ìîæåò èìåòü ëþáîå ìíîæåñòâî ôóíêöèé, êîòîðîå äîïóñòèìî äëÿ ïîñòðîåíèÿ ýòîãî äåðåâà.
Êðîìå ýòîãî ïîíàäîáÿòñÿ åùå äâå ëèñòîâûå ôóíêöèè, òàêæå äîáàâëÿåìûå âî ìíîæåñòâî ôóíêöèé
ãëàâíîãî äåðåâà. Íàçîâåì èõ ARG1 è ARG2.
Íà ðèñ. 22 ïîêàçàí ïðèìåð îñîáè. Âîò êàê âñå ðàáîòàåò. Ñíà÷àëà èñïîëíÿåì ïåðâîå äåðåâî. Ïðè

âûçîâå óçëà ADF1, ñíà÷àëà ïðîèçâîäèì âûçîâ åãî óçëîâ-ïîòîìêîâ è ñîõðàíÿåì èõ ðåçóëüòàò (ñêàæåì,
result1 è result2 ). Ïîñëå ýòîãî âûçûâàåì äåðåâî ADF1. Ïðè âûçîâå åãî ôóíêöèè ARG1, àâòîìàòè-
÷åñêè âîçâðàùàåòñÿ result1, è àíàëîãè÷íî ARG2 âîçâðàùàåò result2. Êîãäà äåðåâî ADF1 çàâåðøàåò
èñïîëíåíèå, åãî âîçâðàùàåìûé ðåçóëüòàò ñîõðàíÿåòñÿ (äîïóñòèì, ÷òî â ïåðåìåííîé �nal). Çàòåì âîç-
âðàùàåìñÿ â ãëàâíîå äåðåâî � óçåë ADF1 âîçðàùàåò ðåçóëüòàò �nal, à èñïîëíåíèå ãëàâíîãî äåðåâà
ïðîäîëæàåòñÿ äàëåå.
Çàìåòèì, ÷òî ìîæíî çàäàâàòü áîëüøå îäíîãî ÀÎÔ-äåðåâà. Ïðè ýòîì èç îäíîãî ÀÎÔ-äåðåâà ìîæíî

âûçûâàòü äðóãèå! Âåäü íåò íèêàêèõ ïðè÷èí çàïðåùàòü âûçîâû ôóíêöèé èç äðóãèõ ôóíêöèé, âåðíî?
Òåîðåòè÷åñêè ìîæíî îðãàíèçîâàòü è ðåêóðñèâíûé âûçîâ ôóíêöèé, êîãäà ÀÎÔ-äåðåâüÿ âûçûâàþò

8 Àâòîìàòè÷åñêè îïðåäåëÿåìûå ôóíêöèè òàêæå ðàçðàáîòàíû Äæîíîì Êîçîé, õîòÿ ïðåäñòàâëåíû â åãî âòîðîé êíèãå,
John R. Koza, 1994, Genetic Programming II: Automatic Discovery of Reusable Programs, MIT Press.

9 Ó êàæäîãî äåðåâà ìîæåò áûòü ñâîå, âîçìîæíî, óíèêàëüíîå ìíîæåñòâî ôóíêöèé.
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• Select two subtrees in the individual such that neither is contained within the other, and swap
them with one another.

Again, we can use Algorithm 57 to select subtrees for use in these techniques. Algorithm 57 is
called subtree selection but it could have just as well been called node selection: we’re just picking a
node. First we count all the nodes of a desired type in the tree: perhaps we want to just select a leaf
node for example. Then we pick a random number a less than the number of nodes counted. Then
we go back into the tree and do a depth-first traversal, counting off each node of the desired type,
until we reach a. That’s our node.

4.3.4 Forests and Automatically Defined Functions

Genetic Programming isn’t constrained to a single tree: it’s perfectly reasonable to have a genotype
in the form of a vector of trees (commonly known as a forest). For example, I once developed
simple soccer robot team programs where an individual was an entire robot team. Each robot
program was two trees: a tree called when the robot was far from the ball (it returned a vector
indicating where to run), and another tree called when the robot was close enough to a ball to kick
it (it would return a vector indicating the direction to kick). The individual consisted of some n of
these tree pairs, perhaps one per robot, or one per robot class (goalies, forwards, etc.), or one for
every robot to use (a homogeneous team). So a soccer individual might have from 2 to 22 trees!

Trees can also be used to define automatically defined functions (ADFs)53 which can be called
by a primary tree. The heuristic here is one of modularity. Modularity lets us search very large
spaces if we know that good solutions in them are likely to be repetitive: instead of requiring the
individual to contain all of the repetitions perfectly (having all its ducks in order)-̇– a very unlikely
result — we can make it easier on the individual by breaking the individuals into modules with an
overarching section of the genotype define how those modules are arranged.

In the case of ADFs, if we notice that ideal solutions are likely to be large trees with often-
repeated subtrees within them, we’d prefer that the individual consist of one or two subfunctions
which are then called repeatedly from a main tree. We do that by adding to the individual a second
tree (the ADF) and including special nodes in the original parent tree’s function set54 which are just
function calls to that second tree. We can add further ADFs if needed.

Main Tree ADF1 Tree
foo

bar

ADF1

baz

quux

quux

ADF1

quux quux

foo

foo

ARG1 bar

ARG2

ARG2

Figure 22 An ADF example.

For purposes of illustration, let’s say that a
good GP solution to our problem will likely need
to develop a certain subfunction of two arguments.
We don’t know what it will look like but we be-
lieve this to be the case. We could apply this heuris-
tic belief by using a GP individual representation
consisting of two trees: the main tree and a two-
argument ADF tree called, say, ADF1.

We add a new non-leaf node to its function
set: ADF1(child1, child2). The ADF1 tree can have
whatever function set we think is appropriate to

53Automatically Defined Functions are also due to John Koza, but are found in his second book, John R. Koza, 1994,
Genetic Programming II: Automatic Discovery of Reusable Programs, MIT Press.

54Every tree has its own, possibly unique, function set.
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Ðèñ. .22: Ïðèìåð ÀÎÔ-äåðåâà

äðóã äðóãà. Îäíàêî îñîáè íå íàñòîëüêî óìíû, ÷òîáû ñ ýòèì ñïðàâèòüñÿ, ïîýòîìó îáåðåãàéòå âàøó
ñèñòåìó îò âå÷íûõ ðåêóðñèâíûõ öèêëîâ, îãðàíè÷èâàéòå ìàêñèìàëüíóþ ãëóáèíó âûçîâîâ.
Íàïîñëåäîê åùå îäèí âàðèàíò: àâòîìàòè÷åñêè îïðåäåëÿåìûå ìàêðîñû (ÀÎÌ) (automati-

cally de�ned macros, ADMs), ïðèäóìàííûå Ëè Ñïåêòðîì (Lee Spector)10. Çäåñü ïðè âûçîâå óçëà
ADF1, ïðîãðàììà íåìåäëåííî ïåðåõîäèò â ñîîòâåòñòâóþùåå äåðåâî, íå äîæèäàÿñü ñíà÷àëà âûçîâà
ïîòîìêîâ ýòîãî óçëà. Âìåñòî ýòîãî êàæäûé ðàç ïðè âûçîâå ARG1, ïðîèñõîäèò âîçâðàò â èñõîäíîå äå-
ðåâî, âûçîâ ïåðâîãî óçëà-ïîòîìêà, ïîëó÷åíèå åãî ðåçóëüòàòà, ïåðåõîäà â äåðåâî ADF1 è çàòåì âìåñòî
ARG1 ïîäñòàâëÿåòñÿ âû÷èñëåííûé ðåçóëüòàò. Ýòî ïðîèñõîäèò êàæäûé ðàç ïðè âû÷èñëåíèè ARG1.
Àíàëîãè÷íî äëÿ ARG2. Èäåÿ çàêëþ÷àåòñÿ â îãðàíè÷åííîé âîçìîæíîñòè ñåëåêòèâíî, ëèáî ïîâòîðíî
âûçûâàòü ïîòîìêîâ íàïîäîáèå êîíñòðóêöèè if-then, öèêëîâ while è ò.ä. (Â Ëèñïå ýòî íàçûâàåòñÿ
ìàêðîñû, îòñþäà è íàçâàíèå).

4.3.5 Ñèëüíî òèïèçèðîâàííîå ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå

Ñèëüíî òèïèçèðîâàííîå ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå ÿâëÿåòñÿ âàðèàíòîì ãåíåòè÷åñêîãî ïðî-
ãðàììèðîâàíèÿ, ïðåäëîæåííûì Äýâèäîì Ìîíòàíîé (David Montana)11. Âñïîìíèì, ÷òî â ïðèìåðàõ,
ïðèâåäåííûõ ðàíåå êàæäûé óçåë âîçâðàùàåò çíà÷åíèÿ îäíîãî è òîãî æå òèïà (ê ïðèìåðó, â çàäà÷å
ñèìâîëüíîé ðåãðåññèè âñå óçëû âîçâðàùàþò çíà÷åíèÿ ñ ïëàâàþùåé çàïÿòîé). Îäíàêî â áîëüøèõ
ïðîãðàììàõ ýòî ñêîðåå èñêëþ÷åíèå, ÷åì ïðàâèëî. ×òî åñëè â çàäà÷å ñèìâîëüíîé ðåãðåññèè íåîáõî-
äèìî äîáàâèòü îñîáûé îïåðàòîð if, êîòîðûé ïðèíèìàåò òðè àðãóìåíòà: áóëåâñêóþ ïðîâåðêó (test),
òî-çíà÷åíèå (then-value), âîçâðàùàåìîå â ñëó÷àå, åñëè ïðîâåðêà èñòèííà, è èíà÷å-çíà÷åíèå (else-
value), åñëè ïðîâåðêà ëîæíà. Óçåë if âîçâðàùàåò âåùåñòâåííîå çíà÷åíèå, êàê è âñå äðóãèå óçëû,
îäíàêî òðåáóåò íàëè÷èå óçëà ñ áóëåâñêèì ðåçóëüòàòîì. Ýòî îçíà÷àåò, ÷òî íåîáõîäèìî äîáàâèòü
íåêîòîðûå óçëû, êîòîðûå âîçâðàùàþò òîëüêî áóëåâñêèå çíà÷åíèÿ, âêëþ÷àÿ êàê ëèñòîâûå, òàê è
íåëèñòîâûå, íàïðèìåð, îïåðàòîðû And è Not.
Ïðîáëåìà çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ ñîõðàíåíèÿ öåëîñòíîñòè ìû áîëüøå íå ìîæåì êàê ðàíüøå

ñîçäàâàòü äåðåâüÿ, ñêðåùèâàòü èõ èëè ïðîâîäèòü ìóòàöèè, íå îáðàùàÿ âíèìàíèÿ íà òî, êàêèå óçëû
ìîãóò áûòü ïîòîìêàìè äàííîãî óçëà è ãäå îíè äîëæíû ðàñïîëàãàòüñÿ. ×òî ñëó÷èòñÿ, åñëè ïîïû-
òàòüñÿ óìíîæèòü, íàïðèìåð, sin(x) íà �ëîæü�? ×òîáû èçáåæàòü ïîäîáíîãî íåîáõîäèìî êàæäîìó
óçëó ïðèñâîèòü îãðàíè÷åíèÿ òèïà (type constraints), ÷òîáû ðåãóëèðîâàòü ñîåäèíåíèÿ óçëîâ è
èõ ïîðÿäîê.
Ñóùåñòâóåò ìíîæåñòâî ïîäõîäîâ ê ðåàëèçàöèè òèïèçàöèè. Â ïðîñòåéøåì ñëó÷àå, àòîìàðíàÿ

òèïèçàöèÿ (atomic typing) êàæäûé òèï ïðåäñòàâëåí îäíèì ñèìâîëîì èëè öåëûì ÷èñëîì. Òèïû
âîçâðàùàåìûõ çíà÷åíèé êàæäîãî óçëà, îæèäàåìûå òèïû óçëîâ-ïîòîìêîâ äëÿ óçëîâ è îæèäàåìûé
òèï çíà÷åíèÿ, âîçâðàùàåìûé äåðåâîì â öåëîì, çàäàþòñÿ ñ ïîìîùüþ ðàçðåøåííûõ òèïîâ. Óçåë ìî-
æåò áûòü ïðèñîåäèíåí â êà÷åñòâå ïîòîìêà, èëè ÿâëÿòüñÿ êîðíåì óçëà òîëüêî åñëè ñîâïàäàþò òèïû.
Â òèïèçàöèè íàáîðîì (set typing) òèïû ïðåäñòàâëåíû íå îáû÷íûìè ñèìâîëàìè, à íàáîðàìè ñèì-
âîëîâ. Äâà òèïà ñ÷èòàþòñÿ ñîâïàâøèìè, åñëè ïåðåñå÷åíèå èõ íàáîðîâ íå ïóñòî. Òèïèçàöèÿ íàáîðîì
ìîæåò èñïîëüçîâàòüñÿ äëÿ îáåñïå÷åíèÿ äîñòàòî÷íîãî îáúåìà èíôîðìàöèè î ðàçëè÷íûõ ñâîéñòâàõ
òèïà, âêëþ÷àÿ ïîäêëàññû.
Íî è ýòî åùå íå âñå. Àòîìàðíàÿ òèïèçàöèÿ è òèïèçàöèÿ íàáîðîì ïðåäóñìàòðèâàåò êîíå÷íûé íà-

áîð òèïîâ. Íî êàê áûòü, åñëè óçëû ðàáîòàþò ìàòðèöàìè? Íàïðèìåð, ðàññìîòðèì óçåë óìíîæåíèå-

10 Lee Spector, 1996, Simultaneous evolution of programs and their control structures, in Peter J. Angeline and K. E.
Kinnear, Jr., editors, Advances in Genetic Programming 2, chapter 7, pages 137�154, MIT Press.

11 David Montana, 1995, Strongly typed genetic programming, Evolutionary Computation, 3(2), 199�230.
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Ðèñ. .23: Îïåðàòîð double äëÿ ðåáåðíîãî êîäèðîâàíèÿ

ìàòðèö, êîòîðûé èìååò äâóõ ïîòîìêîâ (âîçâðàùàþùèõ ìàòðèöû) è ïåðåìíîæàåò èõ ðåçóëüòàò,
âîçâðàùàÿ íîâóþ ìàòðèöó. Ðàçìåðíîñòü ýòîé ìàòðèöû ÿâëÿåòñÿ ôóíêöèåé îò ðàçìåðíîñòåé ìàòðèö
óçëîâ-ïîòîìêîâ. Äîïóñòèì, ìû ïîìåíÿëè îäíîãî èç ïîòîìêîâ íà ïîääåðåâî, êîòîðîå âîçâðàùàåò
íîâóþ ìàòðèöó, ñ íîâûì ðàçìåðîì. Ñ ýòèì ìîæíî ñïðàâèòüñÿ, åñëè èçìåíèòü âîçâðàùàåìûé òèï
ðîäèòåëüñêîãî óçëà, ÷òî â ñâîþ î÷åðåäü ìîæåò ïðèâåñòè ê êàñêàäíîìó èçìåíåíèþ òèïîâ çíà÷åíèé
äðóãèõ óçëîâ è èõ ïîòîìêîâ â õîäå ïåðåíàñòðîéêè äåðåâà. Òàêàÿ òèïèçàöèÿ íàçûâàåòñÿ ïîëèìîðô-
íîé (polymorphic typing). Îíà îïèðàåòñÿ íà àëãîðèòìû ñîãëàñîâàíèÿ òèïîâ, ïîäîáíûå èñïîëü-
çóåìûì â ÿçûêàõ ïðîãðàììèðîâàíèÿ ñ ïîëèìîðôíîé òèïèçàöèåé, òàêèõ êàê Haskell èëè ML. Îíà
ñëîæíàÿ.

4.3.6 Êëåòî÷íîå êîäèðîâàíèå

Äåðåâüÿ òàêæå ìîæíî èñïîëüçîâàòü â êà÷åñòâå êîðîòêèõ ïðîãðàìì, ÷òî óêàçàòü èíòåðïðåòàòîðó, êàê
ïîñòðîèòü âòîðè÷íóþ ñòðóêòóðó äàííûõ (îáû÷íî ãðàô). Ýòà âòîðè÷íàÿ ñòðóêòóðà çàòåì è èñïîëü-
çóåòñÿ êàê ôåíîòèï. Òàêîé ïîäõîä èçâåñòåí ïîä íàçâàíèåì Êëåòî÷íîå êîäèðîâàíèå (Cellular
Encoding) (ðàçðàáîòàíî Ôðåäåðèêîì Ãðóî)12. Îáùàÿ èäåÿ çàêëþ÷àåòñÿ â âûáîðå íà÷àëüíîãî ãðà-
ôà (seed) (íàïðèìåð, ãðàôà, ñîñòîÿùåãî èç îäíîãî óçëà èëè ðåáðà) è ïåðåäà÷å åãî êîðíþ äåðåâà.
Îïåðàòîð êîðíÿ èçìåíÿåò è ðàñøèðÿåò ãðàô, à çàòåì ïåðåäàåò íåêîòîðûå åãî ýëåìåíòû ñâîèì óçëàì-
ïîòîìêàì, êîòîðûå òàêæå ìîãóò ðàñøèðèòü ãðàô, è ïåðåäàòü ìîäèôèöèðîâàííóþ âåðñèþ óæå ñâîèì
ïîòîìêàì è ò.ä., äî òåõ ïîð, ïîêà äåðåâî â äåðåâå íå çàêîí÷àòñÿ óçëû. Ïîñëå ýòîãî ðàñøèðåííûé
ãðàô èñïîëüçóåòñÿ â êà÷åñòâå ôåíîòèïà.
Ýòîò ïîäõîä â èçíà÷àëüíîé ôîðìóëèðîâêå Ãðóî, èñïîëüçîâàííûé â îñíîâíîì äëÿ íåéðîííûõ ñå-

òåé, ðàáîòàë íàä âåðøèíàìè ãðàôà, ÷òî òðåáîâàëî äîñòàòî÷íî ñëîæíûõ ìåõàíèçìîâ ðàáîòû. Àëü-
òåðíàòèâîé ÿâëÿþòñÿ îïåðàöèè íàä ðåáðàìè, êîòîðûå õîòÿ è íå ìîãóò ïðèâåñòè ê ïîÿâëåíèþ ïðîèç-
âîëüíûõ ãðàôîâ, íî âåñüìà ïîëåçíû äëÿ ðàçðåæåííûõ èëè ïëàíàðíûõ ãðàôîâ, êîòîðûå ÷àñòî ìîæíî
íàéòè â ýëåêòðè÷åñêèõ öåïÿõ èëè êîíå÷íûõ àâòîìàòàõ. Òàêîé ïîäõîä áûë íàçâàí Ëè Ñïåêòîðîì è
ìíîé Ðåáåðíûì êîäèðîâàíèåì (Edge Encoding)13. Ïîñêîëüêó îíî ïðîùå â îïèñàíèè, ÿ åãî è
ïðîäåìîíñòðèðóþ.
Èñïîëíåíèå äåðåâà â êëåòî÷íîì è ðåáåðíîì êîäèðîâàíèè îòëè÷àåòñÿ îò äåðåâüåâ, èñïîëüçóåìûõ

äëÿ òîé æå çàäà÷è ñèìâîëüíîé ðåãðåññèè: â íèõ ïîòîìêè ïîëó÷àþò îáúåêòû îò ðîäèòåëüñêèõ óç-
ëîâ, îáðàáàòûâàþò ýòè äàííûå è ïåðåäàþò ðåçóëüòàòû ïîòîìêàì. Â êà÷åñòâå ïðèìåðà íà ðèñ. 23
ïîêàçàí îïåðàòîð ðåáåðíîãî êîäèðîâàíèÿ, íàçâàííûé double (óäâîåíèå). Îí áåðåò ðåáðî, ïîëó÷àåìîå
îò ðîäèòåëüñêîãî óçëà (ðåáðî E íà ðèñ. 23b) è ñîçäàåò åãî êîïèþ, ñîåäèíÿþùóþ òå æå âåðøèíû,
÷òî è ðåáðî-îðèãèíàë (ðåáðî F íà ðèñ. 23c). Çàòåì îïåðàòîð ïåðåäàåò ïî îäíîìó ðåáðó ñâîèì äâóì
ïîòîìêàì.
Íà ðèñ. 24 ïîêàçàíî äåðåâî äëÿ ðåáåðíîãî êîäèðîâàíèÿ, êîòîðîå êîíñòðóèðóåò êîíå÷íûé àâòî-

ìàò. Ïîìèìî double, èñïîëüçóþòñÿ îïåðàòîðû: reverse, êîòîðûé ðàçâîðà÷èâàåò ðåáðî, loop, êîòîðûé
ñîçäàåò ïåòëþ äëÿ âåðøèíû, íà êîòîðîé çàêàí÷èâàåòñÿ ðåáðî, ïåðåäàâàåìîå â loop, bud, êîòîðûé

12 Fr  ed  eric Gruau, 1992, Genetic synthesis of boolean neural networks with a cell rewriting developmental process, in
J. D. Scha�er and D.Whitley, editors, Proceedings of the Workshop on Combinations of Genetic Algorithms and Neural
Networks (COGANN92), pages 55�74, IEEE Computer Society Press.

13 Ëè Ñïåêòîð è íàïèñàëè ðàííþþ ñòàòüþ íà ýòó òåìó, íàçâàâ ïîäõîä ðåáåðíûì êîäèðîâàíèåì: Sean Luke and
Lee Spector, 1996, Evolving graphs and networks with edge encoding: Preliminary report, in John R. Koza, editor,
Late Breaking Papers at the Genetic Programming 1996 Conference, pages 117�124, Stanford Bookstore. Îäíàêî ÿ
ñîìíåâàþñü, ÷òî ìû ïåðâûìè åãî èçîáðåëè: ê òîìó âðåìåíè, êîãäà íàøà ñòàòüÿ ïîÿâèëàñü, Äæîí Êîçà, Ôîððåñò
Áåííåòò (Forrest Bennett), Äýâèä Àíäðå (David Andre) è Ìàðòèí Êèýí (Martin Keane) óæå èñïîëüçîâàëè ïîäîáíîå
ïðåäñòàâëåíèå äëÿ ýâîëþöèè ýëåêòðè÷åñêèõ öåïåé. Ñì. See John R. Koza, Forrest H Bennett III, David Andre, and
Martin A. Keane, 1996, Automated WYWIWYG design of both the topology and component values of electrical circuits
using genetic programming, in John R. Koza, et al., editors, Genetic Programming 1996: Proceedings of the First Annual
Conference, pages 123�131, MIT Press.
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Ðèñ. .24: Ðåáåðíîå êîäèðîâàíèå
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Ðèñ. .25: Ðàñøèðåíèå êîíå÷íîãî àâòîìàòà ñ èñïîëüçîâàíèåì äåðåâà ðåáåðíîãî êîäèðîâàíèÿ íà ðèñ.
24. (a) Íà÷àëüíîå ðåáðî. (b) Ïîñëå îïåðàòîðà double. (c) Ïîñëå îïåðàòîðà reverse. (d) Ïîñëå
îïåðàòîðîâ loop, ε, start è 0. Áåëûé êðóæîê îáîçíà÷àåò íà÷àëüíîå ñîñòîÿíèå. (e) Ïîñëå
îïåðàòîðîâ bud è 1. (b) Ïîñëå îïåðàòîðîâ split, 0, accept è 1. ×åðíûé êðóæîê îáîçíà÷àåò
ôèíàëüíîå ñîñòîÿíèå.

ñîçäàåò íîâóþ âåðøèíó, è ðåáðî ê íåé, èäóùåå îò íà÷àëà ðåáðà, ïåðåäàâàåìîãî â bud, split, êîòîðûé
ðàçäåëÿåò ñâîå ðåáðî íà äâà, ïåðâîå èç êîòîðûõ èäåò íà÷àëà èñõîäíîãî ðåáðà â ñòîðîíó íîâîãî óçëà,
à âòîðîå îò íîâîãî óçëà â êîíåö èñõîäíîãî. Äðóãèå îïåðàòîðû, èñïîëüçóåìûå â çàäà÷å êîíñòðóèðî-
âàíèÿ êîíå÷íîãî àâòîìàòà, ëèáî ïîìå÷àþò ñâîå ðåáðî (ε, 1, 0), ëèáî ïîìå÷àþò êîíå÷íóþ âåðøèíó
ðåáðà (start, accept).
×òî, çàïóòàëèñü? ß áû çàïóòàëñÿ! Íî, âîçìîæíî, òàê áóäåò ïîíÿòíåå: íà ðèñ. 25 ïîêàçàíû ðå-

çóëüòàòû ðàñøèðåíèÿ ãðàôà, èíäóöèðóåìûå äåðåâîì íà ðèñ. 24. Ðàáîòà íà÷èíàåòñÿ ñ ãðàôà ñ îäíèì
ðåáðîì, êîòîðûå ïîñòåïåííî ðàñòåò äî êîíå÷íîãî àâòîìàòà äëÿ èíòåðïðåòàöèè ðåãóëÿðíîãî ÿçûêà
(1|0)*01.
Êëåòî÷íîå è ðåáåðíîå êîäèðîâàíèå ÿâëÿþòñÿ ïðèìåðàìè êîñâåííîãî (indirect) èëè ðàçâèâàþ-

ùåãîñÿ (developmental) êîäèðîâàíèÿ: ñïîñîáà ïðåäñòàâëåíèÿ, ñîäåðæàùåãî íàáîð ïðàâèë, îïðå-
äåëÿþùèõ ðàçâèòèå (ýâîëþöèþ) âòîðè÷íîé ñòðóêòóðû äàííûõ, èñïîëüçóåìîé â êà÷åñòâå ôåíîòè-
ïà. Êîñâåííûå ñïîñîáû êîäèðîâàíèÿ ïîïóëÿðíû ïî äâóì ïðè÷èíàì. Âî-ïåðâûõ, â ñèëó áèîëîãè÷å-
ñêîé ïðèâëåêàòåëüíîñòè: ÄÍÊ ÿâëÿåòñÿ êîñâåííîé êîäèðîâêîé, ò.ê. èñïîëüçóåòñÿ äëÿ ôîðìèðîâàíèÿ
ÐÍÊ è áåëêîâ, êîòîðûå çàòåì ïðèíèìàþò ó÷àñòèå â ôîðìèðîâàíèè æèâûõ îðãàíèçìîâ. Âî-âòîðûõ,
ñóùåñòâóþò ïîíÿòèÿ êîìïàêòíîñòè (compactness) è ìîäóëüíîñòè (modularity), êîòîðûå óæå
îáñóæäàëèñü ðàíåå: ìíîãèå ïðàâèëà â êîñâåííîì êîäèðîâàíèè ñîâåðøàþò ìíîãîêðàòíûå âûçîâû
íåêîòîðûõ ïîäïðàâèë. Â êëåòî÷íîì è ðåáåðíîì êîäèðîâàíèè ìîäóëüíîñòè íåò, íî îíà òðèâèàëüíî
ââîäèòñÿ ïîñðåäñòâîì âêëþ÷åíèÿ àâòîìàòè÷åñêè îïðåäåëÿåìûõ ôóíêöèé. Àíàëîãè÷íî, åñëè òîëüêî
íå èñïîëüçóþòñÿ ÀÎÔ, êîìïàêòíîñòü òàêæå íåâåëèêà: äåðåâüÿ ðåáåðíîãî êîäèðîâàíèÿ áóäóò èìåòü
êàê ìèíèìóì ñòîëüêî æå âåðøèí, ñêîëüêî ðåáåð ó èñêîìîãî ãðàôà!
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Figure 26 The expression
((a b) ( ) ((c))) as rooted
parentheses.

Stack languages often create subroutines by pushing chunks of code
onto the stack, then executing them from the stack multiple times. For
example, we might generalize the procedure above — a× (b + c) — into a
subroutine by wrapping its operators in parentheses and subjecting them
to a special code-pushing operator like this: push (+×). Given another
special operator do, which pops a subroutine off the stack, executes it n
times, and pushes it back on the stack, we can do stuff like 5 7 9 2 4 3 6 5 9
push (+×) 4 do, which computes 5× (7 + 9)× (2 + 4)× (3 + 6)× (5 + 9).

!

!

a !

b !

!

! !

!

!

c !

!

!

Figure 27 The expression
((a b) ( ) ((c))) in cons cells.

Stack languages have long been used in genetic programming. Among
the most well-known is Lee Spector’s GP stack language, Push.59 Push
maintains multiple stacks, one for each data type, allowing code to oper-
ate over different kinds of data cleanly. Push also includes special stacks
for storing, modifying, and executing code. This allows Push programs
to modify their own code as they are executing it. This makes possible, for
example, the automatic creation of self-adaptive breeding operators.

The use of stack languages in optimization presents some represen-
tational decisions. If the language simply forms a stream of symbols with
no constraints, just use a list representation (see the next Section, 4.4). But
most stack languages at least require that the parentheses used to delimit
code must be paired. There are many ways to guarantee this constraint.
In some stack languages a left parenthesis must always be followed by a
non-parenthesis. This is easy to do: it’s exactly like the earlier Lisp expres-
sions (see Figures 18 and 19). If instead your language allows parentheses
immediately after left parentheses, as in ((a b) ( ) ((c))), you could just
use the left parenthesis as the root node of a subtree and the elements inside the parentheses as the
children of that node, as shown in Figure 26. Both approaches will require that tree nodes have
arbitrary arity. Or, as is the case for Push, you could use the traditional internal format of Lisp:
nested linked lists. Each parenthesized expression (like (a b)) forms one linked list, and elements
in the expression can be other linked lists. Nodes in each linked list node are called cons cells,
represented in Figure 27 as !. The left child of a cons cell holds a list element, and the right child
points to the next cons cell in the list, or to !, indicating end of the list.

4.4 Lists, Machine-Language Genetic Programming, and Grammatical Evolution

Parse trees aren’t the only way to represent programs. Some GP practitioners represent programs
as arbitrary-length lists (or strings) of machine language instructions. Individuals are evaluated by
converting the lists into functions and executing them. The is commonly known as Linear Genetic
Programming, and the most famous practitioners of this approach are Wolfgang Banzhaf, Peter
Nordin, Robert Keller, and Frank Francone, who sell a superfast GP system called Discipulus based
on this notion, and who also wrote a well-regarded book on Genetic Programming which was half
tree-based and half linear GP.60

59The basics: Lee Spector and Alan Robinson, 2002, Genetic programming and autoconstructive evolution with the
push programming language, Genetic Programming and Evolvable Machines, 3(1), 7–40. Then for the latest version of the
language, check out: Lee Spector, Jon Klein, and Martin Keijzer, 2005, The Push3 execution stack and the evolution of
control, in Proceedings of the Genetic and Evolutionary Conference (GECCO 2005), pages 1689–1696, Springer.

60Wolfgang Banzhaf, Peter Nordin, Robert E. Keller, and Frank D. Francone, 1998, Genetic Programming: An Introduction,
Morgan Kaufmann.

79

Ðèñ. .26: Çàïèñü âûðàæåíèÿ ((a b) ( ) ((c))) ñ èñïîëüçîâàíèåì êðóãëûõ ñêîáîê

4.3.7 Ñòåêîâûå ÿçûêè

Àëüòåðíàòèâîé Ëèñïó ÿâëÿþòñÿ ñòåêîâûå ÿçûêè (stack languages), â êîòîðûõ ïðîãðàììíûé êîä
ïðåäñòàâëåí ïîòîêîì èíñòðóêöèé îáû÷íî ñ ïîñòôèêñíîé íîòàöèåé. Ñðåäè ñóùåñòâóþùèõ ÿçûêîâ
ïðîãðàììèðîâàíèÿ ñòåêîâûìè ÿâëÿþòñÿ Forth è PostScript. Ýòè ÿçûêè ïðåäïîëàãàþò íàëè÷èå
ñòåêà äëÿ çàïèñè, õðàíåíèÿ è èçâëå÷åíèÿ âðåìåííûõ ïåðåìåííûõ è, â ðÿäå ñëó÷àåâ, öåïî÷åê êîäà.
Âûðàæåíèå 5 × (4 + 3) íà ñòåêîâîì ÿçûêå áóäåò çàïèñàíî êàê 534 + ×. Â ñòåê çàïèñûâàþòñÿ 5, 3
è 4; çàòåì äâà ÷èñëà èçâëåêàþòñÿ è ñêëàäûâàþòñÿ, à ðåçóëüòàò ïîìåùàåòñÿ â ñòåê; ïîñëå ýòîãî èç
ñòåêà èçâëåêàþòñÿ îñòàâøèåñÿ äâà ÷èñëà è ïåðåìíîæàþòñÿ, è òî, ÷òî ïîëó÷àåòñÿ (35) çàïèñûâàåòñÿ
â ñòåê.
Â ñòåêîâûõ ÿçûêàõ ÷àñòî èñïîëüçóþòñÿ ïîäïðîãðàììû ïóòåì çàïèñè â ñòåê ó÷àñòêîâ êîäà è èõ

ïîñëåäóþùåãî ìíîãîêðàòíîãî èñïîëíåíèÿ. Íàïðèìåð, íåîáõîäèìî âûäåëèòü âûøåïðèâåäåííóþ ïðî-
öåäóðó� a×(b+c)� â ïîäïðîãðàììó. Äëÿ ýòîãî îïåðàòîðû îáðàìëÿþòñÿ ñêîáêàìè è ïîäñòàâëÿþòñÿ
â ñïåöèàëüíûé îïåðàòîð çàïèñè â ñòåê: push (+×). Èñïîëüçóÿ åùå îäèí îïåðàòîð do, â êîòîðîì n ðàç
ïðîèçâîäèòñÿ ñ÷èòûâàíèå ïîäïðîãðàììû èç ñòåêà, åå âûïîëíåíèå è çàïèñü îáðàòíî â ñòåê, ìîæíî èñ-
ïîëíÿòü ñëåäóþùèé êîä 5 7 9 2 4 3 6 5 9 push +× 4 do, âû÷èñëÿþùèé 5×(7+9)×(2+4)×(3+6)×(5+9).
Ñòåêîâûå ÿçûêè èñïîëüçóþòñÿ â ÃÏ óæå ïðîäîëæèòåëüíîå âðåìÿ. Ñðåäè íàèáîëåå èçâåñòíûõ

óïîìÿíåì ñòåêîâûé ÿçûê äëÿ ÃÏ Push14, ðàçðàáîòàííûé Ëè Ñïåêòîðîì. Push ïîääåðæèâàåò ìíî-
æåñòâåííûå ñòåêè, ïî îäíîìó äëÿ êàæäîãî òèïà äàííûõ, ÷òî ïîçâîëÿåò êîäó àêêóðàòíî îáðàáàòû-
âàòü ðàçëè÷íûå òèïû äàííûõ. Êðîìå ýòîãî â Push èìåþòñÿ îñîáûå ñòåêè äëÿ õðàíåíèÿ, èçìåíåíèÿ
è èñïîëíåíèÿ êîäà, ÷òî ïîçâîëÿåò ïðîãðàììàì íà Push èçìåíÿòü ñâîé êîä âî âðåìÿ èñïîëíåíèÿ.
Ýòî ïîçâîëÿåò ðåàëèçîâàòü, ê ïðèìåðó, àâòîìàòè÷åñêîå ñîçäàíèå ñàìîàäàïòèâíûõ (self-adaptive)
îïåðàòîðîâ ðàçìíîæåíèÿ.
Äëÿ èñïîëüçîâàíèÿ ñòåêîâîãî ÿçûêà äëÿ îïòèìèçàöèè íåîáõîäèìî ïðèíÿòü ðåøåíèå îá èñïîëü-

çóåìîì ñïîñîáå êîäèðîâàíèÿ. Åñëè ÿçûê ïðîñòî ôîðìèðóåò ïîòîêè ñèìâîëîâ è íå èñïîëüçóåò îãðà-
íè÷åíèÿ, ìîæíî ïðèìåíÿòü ñïèñî÷íûå ñïîñîáû ïðåäñòàâëåíèÿ (ñì. ñëåäóþùèé ðàçäåë 4.4). Îäíàêî
áîëüøèíñòâî ñòåêîâûõ ÿçûêîâ òðåáóþò, õîòÿ áû ÷òîáû ñêîáêè, èñïîëüçóåìûå äëÿ ðàçäåëåíèÿ êîäà,
ïðèñóòñòâîâàëè ïàðàìè. Ñóùåñòâóåò ìíîæåñòâî ñïîñîáîâ âûïîëíèòü ýòî òðåáîâàíèå. Â íåêîòîðûõ
ÿçûêàõ çà îòêðûâàþùåé ñêîáêîé äîëæåí îáÿçàòåëüíî ñëåäîâàòü ñèìâîë íå-ñêîáêà. Ýòîãî ëåãêî äî-
ñòè÷ü, â òî÷íîñòè òàêæå, êàê è âî âñòðå÷åííûõ âûðàæåíèÿõ íà Ëèñïå (ñì. ðèñ. 18 è 19). Åñëè æå,
íàîáîðîò, ÿçûê ïîçâîëÿåò èñïîëüçîâàòü ñêîáêó ñðàçó æå ïîñëå îòêðûâàþùåé ñêîáêè, íàïðèìåð, ((a
b) ( ) ((c))), ìîæíî ïðîñòî ñ÷èòàòü îòêðûâàþùóþ ñêîáêó êîðíåâîé âåðøèíîé äëÿ ïîääåðåâà, à ñî-
äåðæèìîå ñêîáîê� ïîòîìêàìè ýòîé âåðøèíû, êàê ïîêàçàíî íà ðèñ. 26. Îáà ýòèõ ïîäõîäà òðåáóþò,
÷òîáû âåðøèíû äåðåâà îáëàäàëè ïðîèçâîëüíîé àðíîñòüþ. Ëèáî, êàê â ñëó÷àå ÿçûêà Push, ìîæíî
èñïîëüçîâàòü âíóòðåííèé ôîðìàò ÿçûêà Ëèñï: âëîæåííûå ñâÿçàííûå ñïèñêè. Êàæäîå ñêîáî÷íîå âû-
ðàæåíèå (òàêîå êàê (a b)) ôîðìèðóåò îäèí ñâÿçàííûé ñïèñîê, à ýëåìåíòû ýòîãî âûðàæåíèÿ ìîãóò
ÿâëÿòüñÿ äðóãèìè ñâÿçàííûìè ñïèñêàìè. Âåðøèíû, êîòîðûì ñîîòâåòñòâóþò ýëåìåíòû-ñâÿçàííûå
ñïèñêè, íàçûâàþòñÿ cons ÿ÷åéêàìè (cons cells), ïðåäñòàâëåííûå íà ðèñ. 27 ñèìâîëîì B. Ëåâûé
ïîòîìîê cons ÿ÷åéêè ñîäåðæèò ýëåìåíò ñïèñêà, à ïðàâûé ïîòîìîê óêàçûâàåò íà ñëåäóþùóþ cons
ÿ÷åéêó, ëèáî ñîäåðæèò ñèìâîë �, îáîçíà÷àþùèé êîíåö ñïèñêà.

14 Îñíîâû èçëîæåíû â ñòàòüå Lee Spector and Alan Robinson, 2002, Genetic programming and autoconstructive evolution
with the Push programming language, Genetic Programming and Evolvable Machines, 3(1), 7�40. Ïîñëåäíÿÿ âåðñèÿ
ÿçûêà îïèñàíà â ñòàòüå Lee Spector, Jon Klein, and Martin Keijzer, 2005, The Push3 execution stack and the evolution
of control, in Proceedings of the Genetic and Evolutionary Conference (GECCO 2005), pages 1689�1696, Springer.
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Figure 26 The expression
((a b) ( ) ((c))) as rooted
parentheses.

Stack languages often create subroutines by pushing chunks of code
onto the stack, then executing them from the stack multiple times. For
example, we might generalize the procedure above — a× (b + c) — into a
subroutine by wrapping its operators in parentheses and subjecting them
to a special code-pushing operator like this: push (+×). Given another
special operator do, which pops a subroutine off the stack, executes it n
times, and pushes it back on the stack, we can do stuff like 5 7 9 2 4 3 6 5 9
push (+×) 4 do, which computes 5× (7 + 9)× (2 + 4)× (3 + 6)× (5 + 9).

!

!

a !

b !

!

! !

!

!

c !

!

!

Figure 27 The expression
((a b) ( ) ((c))) in cons cells.

Stack languages have long been used in genetic programming. Among
the most well-known is Lee Spector’s GP stack language, Push.59 Push
maintains multiple stacks, one for each data type, allowing code to oper-
ate over different kinds of data cleanly. Push also includes special stacks
for storing, modifying, and executing code. This allows Push programs
to modify their own code as they are executing it. This makes possible, for
example, the automatic creation of self-adaptive breeding operators.

The use of stack languages in optimization presents some represen-
tational decisions. If the language simply forms a stream of symbols with
no constraints, just use a list representation (see the next Section, 4.4). But
most stack languages at least require that the parentheses used to delimit
code must be paired. There are many ways to guarantee this constraint.
In some stack languages a left parenthesis must always be followed by a
non-parenthesis. This is easy to do: it’s exactly like the earlier Lisp expres-
sions (see Figures 18 and 19). If instead your language allows parentheses
immediately after left parentheses, as in ((a b) ( ) ((c))), you could just
use the left parenthesis as the root node of a subtree and the elements inside the parentheses as the
children of that node, as shown in Figure 26. Both approaches will require that tree nodes have
arbitrary arity. Or, as is the case for Push, you could use the traditional internal format of Lisp:
nested linked lists. Each parenthesized expression (like (a b)) forms one linked list, and elements
in the expression can be other linked lists. Nodes in each linked list node are called cons cells,
represented in Figure 27 as !. The left child of a cons cell holds a list element, and the right child
points to the next cons cell in the list, or to !, indicating end of the list.

4.4 Lists, Machine-Language Genetic Programming, and Grammatical Evolution

Parse trees aren’t the only way to represent programs. Some GP practitioners represent programs
as arbitrary-length lists (or strings) of machine language instructions. Individuals are evaluated by
converting the lists into functions and executing them. The is commonly known as Linear Genetic
Programming, and the most famous practitioners of this approach are Wolfgang Banzhaf, Peter
Nordin, Robert Keller, and Frank Francone, who sell a superfast GP system called Discipulus based
on this notion, and who also wrote a well-regarded book on Genetic Programming which was half
tree-based and half linear GP.60

59The basics: Lee Spector and Alan Robinson, 2002, Genetic programming and autoconstructive evolution with the
push programming language, Genetic Programming and Evolvable Machines, 3(1), 7–40. Then for the latest version of the
language, check out: Lee Spector, Jon Klein, and Martin Keijzer, 2005, The Push3 execution stack and the evolution of
control, in Proceedings of the Genetic and Evolutionary Conference (GECCO 2005), pages 1689–1696, Springer.

60Wolfgang Banzhaf, Peter Nordin, Robert E. Keller, and Frank D. Francone, 1998, Genetic Programming: An Introduction,
Morgan Kaufmann.

79

Ðèñ. .27: Çàïèñü âûðàæåíèÿ ((a b) ( ) ((c))) ñ èñïîëüçîâàíèåì cons ÿ÷ååê
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